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Many applications in decision-making use a dynamic optimization framework to model a
system evolving uncertainly in discrete time, and an agent who chooses actions/controls from
a set of available choices in order to minimize a suitable cost function. An important aspect
of model formulation is the choice of input parameters. These are traditionally estimated
from historical data and prior domain knowledge, and treated as known quantities in the
decision-making process. This approach ignores any estimation errors or misspecification in
the problem data, leading to potentially suboptimal solutions. Robust optimization addresses
this issue by treating the parameters themselves as unknown quantities, known only to lie
within some set of plausible values called the ‘uncertainty set’. The decision-maker then
follows a conservative approach and minimizes a ‘worst-case’ cost over all possible values of
the parameter. Problems of this nature are the subject of this dissertation.

The first chapter provides a background on infinite-horizon Markov decision processes
(MDPs) and the Newsvendor model. MDPs are sequential decision-making problems with
infinitely many decision epochs. At the end of every epoch, the next state of the system is
prescribed via a transition probability depending on the current state and the action cho-
sen. The robust formulation allows for these transition probabilities to be unknown, and the
decision-maker minimizes the maximum expected total discounted cost. A detailed analytical

treatment of robust MDPs with bounded immediate costs, along with robust versions of the



the standard solution methods of value iteration and policy iteration, is available in the lit-
erature. However, these methods cannot be implemented when the state-space is countable.
Further, no theoretical framework is available for the case when costs are unbounded. These
issues are addressed in Chapters 2 to 4. The Newsvendor model is a classical framework for
inventory management over a finite horizon under demand ambiguity, and a robust formu-
lation described in Chapter 5 circumvents the issue of assuming distributional information

on this demand.

Robust nonstationary MDPs: In the second chapter, I consider an infinite-horizon
robust MDP for which immediate costs are time-dependent but uniformly bounded, and the
uncertainty sets vary with time. The state- and action-spaces are assumed to be finite. The
optimal value function can be obtained from the robust Bellman equations [28], but the non-
stationarity of the data results in an infinite system of equations to be solved. I provide a
policy iteration algorithm which uses finite-dimensional approximations to policy evaluation
and policy improvement, so that each step of the algorithm requires a finite amount of
memory and computation, and as such, can be used in practice. These approximations are
chosen adaptively to guarantee that the algorithm achieves sufficient improvement in each
iteration, so that the values of the policies generated by the algorithm monotonically converge

pointwise to the optimal. The policies converge subsequentially to an optimal policy.

Robust countable-state MDPs with bounded costs: In the third chapter, I gen-
eralize the above setup to solve robust stationary MDPs with countable state-spaces. Im-
mediate costs as well as the uncertainty sets are time-invariant in this case. The costs are
non-negative and bounded, and the action-spaces are finite. In this case as well, an as-is ex-
ecution of the existing policy iteration method is not possible, owing to three main reasons.
The first issue arises due to the countable nature of the state-space that necessitates the
solution of an infinite system of equations, and is addressed via state-space truncation. The

other two complications arise from the nonlinearity of the robust evaluation operator and



the need for solving the so-called inner problems to arbitrary accuracy. These are addressed
by successive approximation and a careful selection of uncertainty sets. Thus, I present an
approximate policy iteration algorithm that can be used in practice. Value functions of the
policies generated by the algorithm converge to the optimal, while the policies themselves
converge subsequentially to an optimal policy. Robust MDPs with interval uncertainty sets,
robust MDPs with bounded state-transitions, and a robust equipment replacement model
are presented as examples where the algorithm can be implemented.

Robust countable-state MDPs with unbounded costs: The third chapter further
widens the scope by allowing the immediate cost functions to be unbounded. A theoretical
treatment of these MDPs is not available in the literature, and I develop such a framework
here. Standard assumptions for unbounded-cost MDPs are generalized to the robust case.
The robust Bellman operator is shown to be a J-step contraction mapping, which guarantees
the existence of a unique solution to the robust Bellman equations. Optimality of the robust
Bellman equations is also established.

A robust multi-period newsvendor model with inventory balance constraints:
In the fourth chapter, I study a different approach to dynamic optimization by means of
an application in inventory control. A seller managing the inventory of a single product
over multiple periods must determine the optimal order quantity per period in the face of
uncertain demand. This problem is solved via a newsvendor model, and the optimal solution
is a function of the purchase, shortage and holding costs as well as the revenue earned per
unit. Here, I formulate a robust multi-period newsvendor model to address the ambiguity
in demand, and the seller maximizes his ‘worst-case’ total profit. Closed-form expressions
for robust optimal order quantities are provided, and their relationship with various cost
parameters is analyzed. Explicit optimal solutions to the inner-problems are obtained for
a large class of uncertainty sets. Additionally, a numerical comparison of the robust model

with a stochastic one is presented for benchmarking.
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Chapter 1

BACKGROUND
1.1 Markov decision processes

Markov decision processes (MDPs) model a large class of sequential decision-making prob-
lems under uncertainty [35]. A system evolves in discrete time and the beginning of each
time-period is called a decision epoch. The total number of epochs can be finite or infinite,
and the corresponding MDPs are called finite-horizon and infinite-horizon, respectively. The
latter model systems that do not have a predefined time of extinction. In this case, the
epochs are indexed by t € {0,1,2,...}. At each epoch, the system occupies a state s € S,
where S is the set of all possible states. A decision-maker observes the current state and
chooses an action a from a set A of available choices. Once an action has been chosen, the
system advances to a new state s € S according to a transition probability distribution
p(+|s, a) that depends on the current state s and the action chosen a. This transition incurs
a cost ¢(s,a,s’). Different cost criteria can be employed to measure performance, and the
expected total discounted cost criterion is one of the most common. Here, the cost incurred
in period t is discounted by a factor A\’ for some constant A € (0,1). A (Markovian de-
terministic stationary) policy is a rule that assigns an action to each possible state. The
decision-maker’s objective is to find a policy that minimizes the expected total discounted
cost over the infinite horizon.

For example, in a queueing model, the state can be be the number of jobs waiting in a
queue, and the action would be the number of jobs accepted for service. In an inventory man-
agement model, the state can be defined as the current inventory level and the action would
be the order quantity. Other common applications include scheduling, medical treatment

planning, and transportation [16].



Cost is minimized by solving Bellman’s equations of dynamic programming

v(s) = ;1;2 Zp(s’|s,Wk(s))[c(s,ﬂk(s),sl) + \(s)], seS. (1.1)

s'eS
Here, v* : § — R is the optimal value function. An optimal policy, if it exists, is constructed
by choosing an action from the argmin set in (1.1) for each state. Therefore, solving an
MDP amounts to solving the system of equations in (1.1), and this is done primarily by three
methods — policy iteration, value iteration, and linear programming. In this dissertation, we

restrict our attention to policy iteration.
1.2 Policy iteration

Policy iteration is standard method for solving MDPs [26]. The algorithm starts out with

1

an arbitrary initial policy 7'. Then, in very iteration k = 1,2, ..., the following steps are

executed.

1. Policy evaluation: This step computes v”k(s), the expected total discounted cost
incurred under policy 7% when the system is initially in state s. The function o™

S — R is called the value function of 7%. We have

v (s) = Y p(s']s, 7 (s))[els, 7 (s), ) + T ()], s €S (1.2)

s'eS

2. Policy improvement: Once the value of the current policy has been computed, a

new policy is constructed as follows.

(a) For each state-action pair (s, a), compute

Y (s,a) = > pls|s, als))[e(s, als), s') + ™ ()] = o™

s'eS

(s).  (1.3)

The term 7™ (s,a) determines the improvement in total discounted cost if action



a is chosen in state s (instead of that prescribed by 7%). Therefore, v(s, 7%(s)) = 0
for all s. A negative value of (s, a) indicates that action a is a better choice in

state s since it leads to a reduction in overall cost.

(b) Maximum improvement — The algorithm then identifies a state-action pair (s*, a*)

which gives the largest reduction in overall cost, by choosing

(s*,a") = argmin 'y“k(s,a). (1.4)

s€S, acA
(¢) Policy update — If 4™ (5%, a¥) > 0, it implies that the total cost cannot be improved

any further, and the current policy must be optimal.

Otherwise, a new policy 7**! is constructed by choosing action a” in state s* and
keeping all other actions the same. That is, 7%1(s¥) = a* and 7**1(s) = 7*(s)

for all s # s*.

The above steps are repeated in every iteration until an optimal solution has been found.
When the state- and action-spaces are finite, this algorithm discovers an optimal policy
in a finite number of iterations (see Theorem 6.4.2 in [35]). The general policy iteration
algorithm allows for actions across multiple states to be updated in each iteration. The
method described above is the so-called ‘simple’ version of policy iteration where an action
in only one state is updated in each iteration. Simple policy iteration is easier to implement

and has been proven to exhibit strongly polynomial complexity [46].
1.3 Robust Markov decision processes

In the traditional study of MDPs as described above, the state-transition probabilities are
treated as model parameters known a priori to the decision-maker. In practice, however,
statistical estimates of these probabilities are obtained from historical data and used as
a proxy for the true distributions. The resulting estimation errors are not accounted for,

which may lead to potentially suboptimal solutions. Robust MDPs try to address this



limitation by assuming that the transition probabilities are ambiguous and known only to
lie in an “uncertainty set” of plausible distributions. In particular, for each state-action
pair (s,a), there is a set P? of probability distributions over S such that p(-|s,a) € P¢. The
objective then is to minimize the worst-case expected total discounted cost over all transition
probabilities from these uncertainty sets. When the immediate costs c(s, a, s’) are assumed
to be uniformly bounded over all states s,s" and actions a, it has been shown in [28] and
nilim that the optimal value function v* is the solution of a robust counterpart of Bellman’s

equations. That is,

v*(s) = sup Zp(s'|s,wk(s))[c(s,wk(s), Y+ ()], se8.

p(-|s,a)€73g s'eS

Variants of policy iteration and value iteration for solving robust MDPs have been described
in [28], where it is also noted that the linear programming formulation does not have a

natural robust extension. Once again, we will focus on policy iteration.

Robust policy iteration: The main idea behind policy iteration remains the same in the
robust variant. The algorithm starts with an arbitrary initial guess for an optimal policy.
In the k-th iteration, k = 1,2,..., the worst-case value function for the current policy is

computed via the equation

k

v (s) = sup > p(s']s, 7 (s))[e(s, 7 (s), ) + AT ()], s €S
peP™ () ges

Similarly, the most improving state-action pair (s*, a*) is determined by a robust counterpart
of Equations (1.3) and (1.4), as defined below.
k

(s, a") = argmin  sup Zp(s'|s, a(s))[c(s,a(s), ') + ™ (s)] — o™ (s).
s€S,acA pGP;rk(S) SES



Then, if the current policy is found to be suboptimal, it is updated in state s* as before, and
the algorithm proceeds to the next iteration. Once again, [28] establishes that the algorithm
finds an optimal policy in a finite number of steps if S and A are finite. Convergence in the
countable-state case, however, has not been established. Moreover, the theoretical framework
does not apply when the immediate costs are unbounded. These issues are addressed in

Chapters 2-4 of this dissertation.

1.4 Newsvendor model

Chapter 5 explores a different approach to dynamic optimization by way of an application
in inventory management. Consider a seller managing the inventory of a single product. He
must decide how much of a product to order in every period j = 1,2,...,n over some (finite)
horizon. Let d; > 0 be the demand for this product in the j-th period, and let g; > 0 be the
amount of new product that the seller purchases in the same period. If the demand in any
period exceeds the current inventory level, it is backlogged and the seller seeks to satisfy it
in a future period, but this incurs a shortage cost s per unit. On the other hand, any surplus
inventory can be utilized later as well, but the seller pays a holding cost of A per unit. As
such, the decision in any period must account for its future consequences. If ¢ > 0 and » > 0

are the purchase cost and sale revenue per unit respectively, the profit function is given by

n

[1(q,d) = r min { iqj, idj} — (Zcqj + max{hl;, —st}) )
=1 j=1

J=1

N J/ N J/

TV NV
Total revenue Total cost

J
Here, I; = > ¢; — d; is the inventory at the end of period j, assuming that there is no initial
i=1

inventory. The seller seeks to find optimal order quantities in order to maximize his total



profit over the n periods. This is achieved by solving the following linear program.

j=1
J
st. y; > (h+d0nc) Z:(qz —d;), j=1,...,n,
=1 i
i 2 (s+8ulr—e) Y (di—aq)j=1,....,n,

i=1

where ¢;, is the kronecker delta which takes the value 1 when j = n, and 0 otherwise.
This is easy to solve if the demand is known, which is unrealistic in practice. The true
demand is almost never known a priori. Trasditionally, this is resolved by assuming that
the demand is a random variables with known distribution. This gives rise to the classical
stochastic newsvendor model, and optimal order quantities are recovered through stochastic
optimization techniques. As before, this approach is prone to suboptimality due to estimation
errors; robust optimization addresses this limitation. A robust newsvendor model for worst-

case profit maximization appears in Chapter 5.



Chapter 2

POLICY ITERATION FOR ROBUST NONSTATIONARY
MARKOV DECISION PROCESSES

2.1 Introduction

Nonstationary MDPs! are a generalization of stationary MDPs, where the problem data are
no longer assumed to be time-invariant [17, 19, 25]. An asymptotically convergent simple
policy iteration algorithm for “nominal” (i.e., non-robust) MDPs was developed recently
in [22]. That paper also analyzed in detail a close connection between this simple policy
iteration and an infinite-dimensional simplex method. In this chapter, we develop a solution
method for robust nonstationary MDPs.

The classic policy iteration algorithm was extended to the robust case in [28]. For finite-
state, finite-action, stationary MDPs, it discovers a robust optimal policy in a finite number
of iterations. This result was proven in [28] by invoking Theorem 6.4.2 from [35]. In fact,
the policy iteration algorithm in [28] was presented for robust countable-state stationary
MDPs. Hence, it is, in principle, applicable to nonstationary MDPs because, as shown
in [22], nonstationary MDPs can be viewed as a special case of countable-state stationary
MDPs by appending the states with a time-index. An “as is” execution of this algorithm,
however, is not possible for countable-state or for nonstationary MDPs because it would call
for infinite computations in both the policy evaluation and policy improvement steps of every
iteration. Specifically, an implementable and provably convergent version of policy iteration
is currently not available for robust nonstationary MDPs. We develop such an algorithm in

this paper.

'Most MDPs discussed in this chapter are finite-state, finite-action and infinite-horizon; we therefore omit
such qualifiers for brevity throughout, unless they are essential for clarity.



The key idea in our approach is that it proposes finitely implementable approximations of
policy evaluation and simple policy improvement with steepest descent. These approxima-
tions are designed adaptively such that the resulting sequence of policies has monotonically
decreasing costs. Moreover, the cost-improvement in consecutive iterations is large enough to
guarantee convergence to optimality (see [22] for a counterexample of a nonstationary MDP
where simply guaranteeing a cost-improvement in each iteration is not enough for conver-
gence to optimality). These statements are made precise in the next two sections. We focus
on the simple version of policy iteration to keep notation at a minimum, but our algorithm
and proof of convergence can be generalized to a full version without technical difficulty. The
only change needed in this full version is that instead of choosing a single period-state pair

for updating an action, we select each pair that provides a sufficient improvement.
2.2 Problem setup and algorithm

Consider a nonstationary MDP with decision epochs n = 1,2,.... At the beginning of each
period n, the system occupies a state s € S, where S = {1,2,...,S} is a finite set. A
decision-maker observes this state and chooses an action a € A, where A = {1,2,..., A}
is also a finite set. Given that action a was chosen in state s in period n, the system
makes a transition to state s’ at the beginning of period n + 1 with probability p,(s'|s, a),
incurring a nonnegative and bounded cost 0 < ¢, (s, a, s’) < ¢ for some bound ¢. This process
continues ad infinitum, starting the first period in some initial state s; € S. A (deterministic
Markovian) policy 7 is a mapping that prescribes actions 7,(s) in states s € S in periods
n € N. The decision-maker’s objective is to find a policy that simultaneously (for all s € S
and all n € N) minimizes the infinite-horizon discounted expected cost incurred on starting
period n in state s. The single-period discount factor is denoted by 0 < A < 1. We note,
as an aside, that it is not possible in general to finitely describe the input data needed to
completely specify a nonstationary MDP. It is therefore standard in the literature to assume
the existence of a “forecast oracle” that, when queried by supplying a positive integer m,

returns the cost and probability data for the first m periods. We work in this paper with



nonstationary MDPs defined in this manner and refer the reader to [17, 20, 22| for detailed
discussions of this issue. Following the language of robust optimization, we will call the

problem described in this paragraph a nominal nonstationary MDP.

In the above nominal MDP, the transition probabilities p,(s’|s,a) are assumed to be
known. Robust nonstationary MDPs account for estimation errors in these transition prob-
abilities by instead assuming that for each state-action pair (s,a) in period n, the (condi-
tional) probability mass function (pmf) p,(-|s,a) of the next state is only known to lie in
some nonempty compact set Py .. This set is called the uncertainty set and it is a subset
of the probability simplex M(S) = {q € RY | ¢1 + ... + g5 = 1}. Specifically, robust non-
stationary MPDs pursue an adversarial modeling approach where the adversary, also often
called “nature”, observes the state s in period n as well as the action a chosen there by
the decision-maker and then selects a pmf p,(-|s, a) from the uncertainty set Py . As per
the standard “rectangularity assumption”, nature’s pmf selection in n, s, a is assumed to be
independent of the history of previously visited states and actions and also of the actions
chosen in other states (see [28, 33]). The decision-maker’s objective is to find a policy that
simultaneously (for all s € § and all n € N) minimizes the “worst-case” (with respect to all
possible adversarial choices) infinite-horizon discounted expected cost incurred on starting

period n in state s.

This finite-state, finite-action robust nonstationary MDP can be equivalently viewed as a
robust stationary MDP with the countable state-space S x N by appending states s with the
time-index n. Let v(s) denote the decision-maker’s minimum worst-case cost, against all
adversarial policies, on starting period n € N in state s € §. The functions v}, : § — R, are
called robust optimal cost-to-go functions, and according to the theory of robust countable-

state stationary MDPs from [28], they are unique solutions of the Bellman’s equations

v (s) = min { | max (Z Pa(']5,a) [en(s,a, s) + Mgy (s)] ) } (2.1)

acA 'Isva)ep'g,s seS

N J/
-

inner problem
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for s € S and n € N. Actions that achieve the outer minima in the above equations define
a robust optimal policy. Similarly, the infinite-horizon expected discounted cost incurred by
implementing a policy 7 starting in state s in period n is denoted by v7(s). These costs-to-go

are characterized by the infinite system of equations

vr(s) = max (an(3’|s77rn(s)) [en(s, (), 8) + Mot (s)] ), seS, neN

pn(“s,ﬂn(s))epsy s'eS

(2.2)

For the robust nonstationary MDP described above, an “as is” execution of robust policy
iteration from [28] would roughly amount to the following algorithm. Start with an initial

policy 7!

. In iteration k£ > 1, solve the infinite system of equations in (2.2) to obtain the
cost-to-go function o™ of policy 7%. This is the policy evaluation step. Then, update policy

7% to a new policy 7**! that prescribes an action from the set

argmin { max (an(s’|s, a) [cn(s, a,s’) + )\vgil(s’)] ) } (2.3)

acA | poClsa)ePs, \ £

in each state s € § in each period n € N. This is the policy improvement step. Unfortunately,

both these steps require infinite computations, rendering this algorithm unimplementable.

We remedy the above situation by proposing approximate implementations of policy
evaluation and simple policy improvement. Specifically, in the policy evaluation step of
the kth iteration, the cost-to-go function of policy 7% is approximated by the cost-to-go
function of an m(k)-horizon truncation of that policy. In the simple policy improvement
step of the kth iteration, an action is updated in state s(k) in period n(k) somewhere
in the first m(k)-periods via the steepest descent rule applied to this cost-to-go function
approximation. In order to guarantee that all actual infinite-horizon costs v7  (s) of the
resulting new policy 7#*! improve upon the actual infinite-horizon costs v™ (s) of the old
policy 7%, the truncation-length m(k) is chosen adaptively via an iterative procedure such

that the corresponding steepest improvement in the m(k)-horizon cost-approximations is
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large enough. In fact, the discussion in [22] and a counterexample in [23] show that even
in the context of nominal nonstationary MDPs, it is not enough (for value convergence to
optimality) to simply ensure that 7%+ improves upon 7*; it is essential to guarantee that
the improvement is sufficiently large. As we shall see in Section 2.3, our choice of m(k) also
carefully handles this delicate issue. The details of this procedure are listed in Algorithm 1

below.

Note that although policy 7% in the kth iteration of this algorithm is “infinite-dimensional”,
it is described finitely because (i) 7! is chosen such that it has a finite representation, and
(ii) only a single component is changed in each iteration. Consequently, 7 can be stored on
a computer. In addition, we emphasize that each iteration of this algorithm performs only
a finite amount of computations. We also make the minor observation that the value of m
is initiated at n(k — 1) in Step 2(a) of our algorithm, whereas m was initiated at 1 in the
simple policy iteration algorithm for nominal nonstationary MDPs in [22]. This initial value
of m = 1 was inefficient (in the sense that it called for unnecessary additional computations)
because m(k) is bounded below by n(k — 1) in their nominal case as well as in our robust
case. This holds because the steepest descent action in the kth iteration cannot be found for

k=1 and 7% prescribe identical actions in the

a horizon m shorter than n(k — 1) as policies 7
first n(k — 1) — 1 periods.

We prove in the next section that the sequence of costs v}fk (s) corresponding to the policies
7% produced by this algorithm monotonically converges pointwise to the optimal costs v*(s)
as k — oo. We also establish subsequential convergence of the corresponding policies 7% to an
optimal policy. The main ideas in our algorithm and proofs are similar to the aforementioned
recent work on simple policy iteration for nominal nonstationary MDPs [22]; the details are
modified to accommodate our robust counterpart. For instance, the proofs in [22] for the
nominal case thoroughly exploited the close connection between simple policy iteration and

an infinite-dimensional simplex algorithm with the steepest descent pivoting rule. We cannot

pursue that approach here because robust MDPs do not have an equivalent LP formulation

(see [28]).
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Algorithm 1 Simple policy iteration for robust nonstationary MDPs.

1: Initialize: Set iteration counter k = 1. Arbitrarily fix the initial policy 7' to one that
prescribes the first action in A in every state in every period. Let n(0) = 1.

2: for iterations k =1,2,3,..., do
(a) Set m = n(k —1). Let m(k) = oo and v*>° = 0.
Approximate policy evaluation:

(b) Compute the m-horizon approximation v*™ of the cost-to-go function v™ as
v (s) =0, Vs € S, (2.4)

(an 15, mh(3)) [enls, i), ) + AT (s >}),\fses,n3m.
(|swk(s))e7>”n<s yes

(2.5)

Approximate simple policy improvement:
(c) Compute the approximate @-function

QF™(s,a) =  max (an 'I's,a)

n(+]s,0)EP ves

[cn(s,a,s)+)\vn+1( )]), seS,ac A, n<m. (2.6

(d) Compute 7™ (s,a) = A" H(QE™(s,a) — vF™(s)), for s € S, a € A, and n < m.
Then calculate the amount of steepest descent

M= min " (s,a). (2.7)
a€A,a#£7E (s)

1<n<m

(e) If Wk’m < =AM, set m(k) = m, let (n(k),s(k),a(k)) be an argmin in (2.7), and
update 7* to 78! by replacing Wﬁ(k)(s(k‘)) with a(k); else set m = m+ 1 and go to Step
2(b) above.

3: end for
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2.3 Convergence results

Our two main convergence results in this paper appear toward the end of this section in
Theorems 2.3.7 and 2.3.8. The proofs of these two theorems utilize several lemmas that we
prove next.

The lemma below establishes a simple, fundamental property of Bellman’s equations.

Lemma 2.3.1. Suppose policy 7 is not optimal. Then there exist a state s € S, an action

a € A, and a period n € N such that

Qr(s,a) = max (an(s’\s, a) [en(s,a,8") 4+ Mvj o (s')] ) < n(s). (2.8)

pn(.\s,a)ePg,s ves

Proof. Suppose not. Then, for each n € N and each s € S, we have,

max (an(s’|s, a) [en(s,a,8") + Mj, (s')] ) > (s), Va € A.

pn('|57a)epﬁ,s eSS

Consequently, for each n € N and each s € S, we obtain,

vp(s) =

52 175 e 751, 4 ()] )

on (s, wn(s) G'P;eré(s) (s €S

> . " / . / )\ ™ / > T .
= ea {pncg}a&})épz,s (Zp (13, @) [en(s, @, 8) 4+ M7 )] >} 2 vnls)

s'eS

This shows that, for each n € N and each s € S,

3

™ — : n / - ,a, / A ™ / .
vn(s) = min {pn(-lsr,la%}e{m,s (Zp (12:@) [en(s, @, 8) + Moo )})}

s'eS

This shows that the cost-to-go functions v satisfy Bellman’s equations. Then 7 must be

optimal. This is a contradiction. O

Within each iteration, our algorithm computes an m-horizon approximation v*™ to the
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k

true infinite-horizon cost-to-go function v™ of the policy 7*. The lemma below provides

bounds for the quality of this approximation.

Lemma 2.3.2. The approzimation v*™ of o™ in Step 2(b) of Algorithm 1 satisfies

(s) Svhm(s) + A" yse S n=1,2,...,m+1 (29

Proof. We prove the claim by backward induction on n =m + 1,m,..., 1.

Since the costs are nonnegative and bounded above by ¢, we know that ™ satisfies
0< v;kﬂ(s) < ¢/(1—\). Also, v57 (s) = 0 for all s € S by (2.4). So, for n = m + 1, we
trivially have,

m m+1—n c
Ufﬁ-s—l( ) < Uerl( )<Um+1( )+ A i 1T—\ Vs e S.

Now, assume, as the inductive hypothesis, that the claim is true for n + 1. That is,

U:ﬂ( )</Un+1< )<vn+1( ) )\m nl )\ VS 68

After multiplying each term by A and then adding ¢, (s, a, s’) to all terms, this implies that

Cn(S, a,s ) + )\Un—i—l( /) < Cn(S, a, Sl) + )‘Ugil(sl) < Cn(S, a,s ) + )‘Un—f—l( /) + )\m-i—l—nﬁ’

for all s,s' € S and a € A. Consequently, for the specific actions 7%(s) prescribed by the

policy 7%, we have,

Cn(S,Trk( ) )+)\Un+1< /) S Cn(S,ﬂ'fL(S), 8/)+>\U771ri1(5/) S Cn(syﬂ-k( ) )+)\Un+1( /)+)\m+1fnm’

for all 5,5 € S. Now, for a fixed s € S, consider any pmf p,(-|s,7%(s)) € ngz(s). By
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multiplying the above inequalities with this pmf and then adding over all ' € S, we obtain,

> pals'ls, 7h($)) [enls wh(5), ) + X ()| < D palsls, wh(s)) |enls, mh(s), ) + ()]
s'eS s'eS

<D palsls, mh(s) [eals mh(s), ) + MR ()] + AT

s'eS

Then, by taking the maximum of each side of these inequalities over all such pmfs in PZZ?;‘S),

we obtain,

(3 o6 mbo) [l mbe). o)+ 2eki)] )
pnuswk(s))ep”"“ ses

< (X 15,70 [en i) + 2] )
pnuswk(s))ep“ﬂ” s'es

<

. cC
(3 15, et b)) 4 TR (9)] ) ameton
Palls, wk<s>>ev>”z( Y \yes
These maxima preserve the order of the earlier inequalities because of the following property:
if one function is everywhere smaller than another function, then the maximum of the first
function is smaller than the maximum of the second function provided that the maxima are

taken over identical sets. Then, by (2.2) and (2.5), we have,

This restores the inductive hypothesis and completes the proof by induction. O

Step 2 of the algorithm iteratively increases the value of the approximating horizon’s
length m until a horizon that guarantees a large enough improvement is discovered. The
algorithm thus runs the risk of being caught in an infinite loop, wherein it never discovers
such a horizon. The next lemma tackles this issue.

Lemma 2.3.3. Step 2 of Algorithm 1 terminates at a finite value of m if and only if policy

7% is not optimall.
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Proof. Suppose 7* is not optimal. Then, by Lemma 2.3.1, there exist a period n € N, s € S,
and an action a € A such that QT (s,a) < v7 (s). Thus, let e = o7 (s) — QT (s,a) > 0.

Then, by Lemma 2.3.2, we have,

e =v]'(s) = QF'(s.0) =v](s) = max (an<s'|s,a> [cn<s,a,s’>+mzi1<s/>])

pn('lsva)ep'g,s s'eS

< vhm(s) 4 )\m+1fnﬁ - (.|m%§pa (an ‘s, a) [cn(s a,s') 4+ Mol (s )] )
n S7a n,s /eS
1—

<)\17n A c _k,m.
(gt )

where the last inequality holds by the definition of v*™ in Step 2(d) of the algorithm.

= P (s) £ AT "— QF™(s,a) = A" ()\ml S —\nt (Qﬁ’m(s, a) — vﬁm(s)))

This inequality yields \!="~ykm < )\m“*”ﬁ — €. For a sufficiently large m, we have that
AL "5 < €/2because 0 < A < 1. Therefore, for any such large m, we have, Amtl-n_e

T—x
e < —6/2 < = mtl=n_c - Thus, we obtain, \l7nykm < —\mtl-n_c_

Y 5 that is, R <

— A"+ Thus, if the policy 7% is not optimal, there exists a large enough m for which the

stopping condition in Step 2(e) of the algorithm is satisfied, and Step 2 terminates finitely.

Conversely, suppose policy 7% is optimal, and Step 2 of the algorithm terminates for
some m(k). Then, y¥m®) 4 xmF) £ < 0. That is, ’yn(k)( '(s(k), a(k)) + Amk) - < 0, where
(n(k), s(k),a(k)) is the argmin in (2.7) with a(k) ;é Tk (o (8(K)). That is, \'~ (k)™ n(h )( V(s(k), a(k))+
A +1=n(h) e < 0. Then, by the definition of 7,7} ( (k), a(k)), this implies that Q)" (s(k), a(k))—
vi’(zl)(k)( (k)) + Amk)ri=nh) << 0. Then, by using the definition of Qk e k)( (k),a(k)) as in

(2.6), we get,

max ( > pawy(s']5(k), a(k)) |ca(s(k), a(k), s') + Avf;g,gﬁ(s/)} ) =

Pn(k) (1s(k),a(k))eP s'eS

k,m k m —n C

By applying Lemma 2.3.2, the above strict inequality implies that Qg?k) (s(k),a(k)) < v”fk) (s(k)).

n
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In other words, the optimal cost-to-go function v™ violates Bellman’s equation (2.1) in state
s(k) in period n(k). But this contradicts the optimality of 7*. This completes the proof of

the lemma. O

The lemma implies that if 7% is optimal, then Step 2 of the algorithm never terminates.
One subtlety here is that the algorithm therefore cannot tell that it has discovered an optimal
policy. As explained in more detail in [22], this, however, is not a limitation of our algorithm.
Rather, it is rooted in a fundamental property of nonstationary sequential decision problems

that optimality cannot be verified, in general, with finite computation.

The next lemma shows that, despite the approximations they employ, our policy evalua-
tion and simple policy improvement steps produce a sequence of policies with nonincreasing

cost-to-go functions.

Lemma 2.3.4. Suppose policy © is not optimal. Then v™ " (s) < v™ (s) for all periods
n € N and all states s € S, with this inequality being strict when n = n(k) and s = s(k).
Furthermore, v:{?,:l(s(k)) - vgfk)(s(k)) < ALl) ()\m(k)ﬁ + Vk’m(k)).

Proof. Since policy 7* is not optimal, Step 2 of the algorithm terminates at some m(k) by

k+1 and 7% differ only in the actions they prescribe in period

Lemma 2.3.3. Also, policies 7
n(k) < m(k) in state s(k). Consequently, v (s) = v7" (s) for all s € S and all n > n(k).

Similarly, v;{?,:)l(s) = v;{?k)(s) for all s(k) # s € S. Moreover, (2.2) implies that
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suigey (s(k)) = max (an £), a(k)) |cap ((K), ak), ) + X' (s '>})

pnCls(h)aB)EPEY) 0\ ics

= (X 1500006 [ (8. ) + Mz ()] )

pr(-[s(k),a(k)EP, 1) sy \s'eS

IN

Hax @ (an(’f)(sl|3(k>’“(k)){C"(k)(s(’f)aa(k),S')Jr
(k) s (k)

pn(-[s(k),a(k))eP €S

k,m(k) m(k)—n(k c
A(”n(k)—i—l(‘s/) + AT )m)})
o (3 109,01 [ (s, ) + 2846 | )
s(k)

pn(-ls(k).a(k) P =

\mk)+1-n(k) __C

1-X
c

_ km(k) m(k)+1—n(k)
c

-n m km(k m -n
= AL=n(k) ok, (k)+vn(k)( )(s(kz))—l—)\ (k)+1 (/f)m

< \L=n(k) kom(k) k Ak +-nk) =
< SR n(k )( s(k)) + DY

Here, the first inequality follows by Lemma 2.3.2, the penultimate equality holds by the
definition in (2.6) of Qﬁ’(%(k)(s(k), a(k)), the last equality holds by the definition of 4*™*) the
penultimate inequality holds by Lemma 2.3.2, and finally, the strict inequality follows by the
stopping condition in Step 2(e). In summary, we have shown that vgfl:;(s(k;)) < vgfk)(s(k))
and that vnf,:)l(s(k;)) - v;{?k)(s(k)) < \Lnlk) <>\m(’“)ﬁ + ~Fmk) ) - Now we complete the rest
of the proof by induction on n = n(k),n(k) — 1,...,1. To start off this induction process,
we note that the argument thus far has established that v™ " (s) < v7"(s), for all s € S and

. . . k+1 k
n = n(k). Now, as the inductive hypothesis, suppose that v7 " (s) < o7 (s), for all s € S
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and some n < n(k). Then, from (2.2), we have, for each s € S, that

o (s) = o (el o) [t 0 )+ 0 (] )
DPr—1(:|s, 7rn 1(5 Epnnl {9( s'es
- (3 ooealsmta o) [ermatsmt 0, 4 20 9)] )
Pr—1(-]s,mk_1(s)) epnnlls( ) s'eS )
< (X s mia(o) [enaosnt ) 0 )] )

(s)
P 1(|s71'n N e7>" ! s'eS

n—1,s

=™ ().

n—1

k+1 and 7" prescribe identical actions in all states in

Here, the second equality holds because 7
period n—1, the inequality holds by the inductive hypothesis, and the last equality follows by

the definition of v,’{k_l(s). This restores the inductive hypothesis and completes our proof. [
Lemma 2.3.5. We have that [Am(k)ﬁ + ’yk’m(k)} — 0 as k — oo.

Proof. Observe that if 7% is optimal for any k, then, by Lemma 2.3.3, Step 2 of the algorithm
does not terminate finitely; hence [Am(k T+ Ak ] = () because the algorithm is initiated
with m(k) = oo and v¥°° = 0 and hence the claim holds. Now suppose that 7* is not optimal

for any k. The algorithm thus produces a sequence of solutions v™ . Now define, for each k,

= 5 S AL (s) and let 6% = fF+1 — f¥ Then, since the sum f* is finite for all k, we

neN seS
have,

=3 o ) — o ()] < A et (s(k)) — o (s(K)

neN seS

< Akm(k) 4 \mik) ¢

1—A

<0,

where the first inequality follows since every term in the sum is non-positive, the second
inequality holds by the second claim in Lemma 2.3.4, and the last inequality follows from
the stopping condition in Step 2(e) of the algorithm. That is, f* is a nonnegative decreasing

sequence of real numbers, hence it converges. This implies that 6* — 0 as k& — oo. Since



20

gk < vk’m(k) + )\m(k)ﬁ < 0 for all k£, the second claim holds. O

The sequence of approximating horizons m(k) in not monotonically increasing in k. The
next lemma shows that it nevertheless diverges to infinity as k& — oo. This also implies that

the amount of steepest descent improvement converges to zero.

k,m(k)

Lemma 2.3.6. The sequence m(k) — oo as k — oo. Also, v — 0 as k — oo.

Proof. 1dentical to the proof of Lemma 5.7 in [22] hence omitted. O
Theorem 2.3.7 (Value Convergence). The sequence of cost-to-go functions produced by
Algorithm 1 converges pointwise to the optimal cost-to-go function. That is,

lim o (s) = vi(s) forall neN,seS. (2.10)

k—o0

Proof. Policies for the nonstationary MDP lie in the strategy space ® = [] A% C ] R,
n=1 n=1

which is compact in the metrizable product topology by Tychonoff’s product theorem (see

Theorem 2.61 on page 52 of [1]). In fact, p(-,-) defined by

[e.9]

oA = 5 (%)

n=1

where d(-,-) is the Euclidean metric on R, is an example of a metric which induces the

product topology on [[ R¥ (see Theorem 3.36 on page 89 of [1]). Further, the cost-to-
n=1

go functions lie in the set V = {v e [IRY:0<v,(s) < 5,meN,;s€ S}. Again, by

T—X\°
n=1
(o]
Tychonoff’s theorem, V' C J] R® is compact in the metrizable product topology. Since ® is
n=1
compact, the sequence of policies 7% has a convergent subsequence 7% . Let 7 be the limit
of this sequence. By the same reasoning, the corresponding sequence of cost-to-go functions

k.
kj T4 . o, . _
v™" has a convergent subsequence, v™ ’, whose limit is, say, v.

We first show that o = v™, that is, v is the cost-to-go function corresponding to the policy
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Consider any n € N and s € S. Then, for any j,

o 7 (s) — max o Zp Is, 7Tn ) len(s, 7 (s),8") + )\vnjrl(s’)] =0.

k
p(ls.mnd (s))epin’ () 5'€S

Now, since 7" — 7 in the product topology, we have that 7, (s) = Tn(s) as j — oco. Since

A is a finite set, this implies that there exists a number J (n, s) such that for all j > J(n,s),
ki,

T’ (s) = Ta(s). Hence, for all j > J(n, s), the sets Pns © and Pan'®) are identical, and we

have,

o (s) — maXPM(S)Zp 15, 7a(9)) [enls Fnls), ) + A0 2i ()] =0, (211)

Pl (s) PR 55

For each fixed p(-|s, 7, (s)) € Pan'®, we have,

_ Zp(s'[s,ﬁn(s) [cn(s n($), s )+)\Un+1( )] > 0.

s'eS

Taking limits as j — oo, this yields,

- Zp(5/|3aﬁn(3) [cn(8,Tn(8),8") + A0y (s)] >0,

s'eS

for all p(-|s, 7,(s)) € Par'®). This implies

Un(s) — max " Zp "I, () [cn(s, Tn(s), s") + Avnp1(s")] > 0. (2.12)
p(-|8,7n(s))EPRT s'eS

Now, we show that inequality (2.12) cannot be strict. For each j > J(n, s), let p"ii (-|s, T (s))
be an argmax in (2.11). Then, we rewrite (2.11) as

Zp (s'|s, Tn($)) [cn(s (), s )—I—)\vnﬂ( )] = 0.

s'eS
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Note that as Ppi™ is a compact subset of RS, the sequence {p" (-5, 7n(s)), § > J(n,s)}
has a convergent subsequence p"i. Let p(+]s,Tn(s)) be the limit of this subsequence. For

each [, we have,
ki. / —
= 35 7)) [enls,Tal9), ) + A2 ()] = 0.
s'eS

Taking limits as [ — oo, this gives us

= > B(8')5, Tu(8)) [en(s, Tu(s), ') + A ()] = 0.

s'eS

Hence, the inequality in (2.12) must be an equality, and we have

@n(s) - max )Zp |S 7Tn [Cn(s 7Tn( ) )+ )‘Un-i-l( )] 0. (213)
p(1s,7n(s)) €PIAS 525

Since the above is true for all (n,s), we have proved that the limiting cost-to-go function v

is the evaluation of the limiting policy 7, and we denote it by v™.

We now show, by contradiction, that the limiting policy 7 must be optimal. Suppose 7
is not optimal. Then, by Lemma 2.3.1, there exists a period n, a state s and an action a

such that

0 <e=uvy(s) — Qs a)
=7 (s) — max (an(s']s, a) [en(s,a,8") 4+ Avj ()] > (2.14)

pn('|57a)epg,s s'es

For any 7, let pn 7(+|s,a) be the argmax in

Q; " (s,a) = max (an 'Is, a) [cn(s a,s') + AT, (s )])

pn('lsva)ep'g:,s s'es

ki, ki,
As before, the sequence p,’ (+|s,a) has a convergent subsequence p,” (-|s,a). Let p,(+|s,a)
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be the limit of this subsequence. Then, we have,

lim (mk“( )= QT (s, a)) _ lim ( i (s) = Y pu (55,0 {Cn(s,a,s)%—)\v;rf( )D

l—o0 l—o0
s'eS
=05 (s) = Y Pu(s']s,0) [en(s,a,8) + Aof, (5))]

s'eS

2= mas (Dl o)+ 0] )

pn (s, a)G'Pgs seS

Then, there exists an integer L such that for [ > L,

/205 (5) @7 sy =0y () s (an Jls,a) {cn<s,a,s>+xvz+il<'>]).

n(-|s,a) EPs s

Since m(k) — oo, we have that for large enough I, m(k;; ) > n. Then, applying Lemma 2.3.2

gives us that

6/2 < Un'” ( ”)(S) +)\m(kljl)+1 n C
1—A
— maX <an s'ls,a {CH(S,Q,S )+ )\vn+1 (kijl)(s,)} )
n(:|s,a)eP2 e
m(k;, ) +1-n C 1— n ki, ( 1-n m(k;, ) C m(k y )
<\ J _- _ \ ooc |
>~ 1 ) < c Fy )

(ki )

But this contradicts the fact from Lemma 2.3.6 that both A" ¥/ gy ik, converge

to zero as | — co. Hence, our assumption is false and the limiting policy 7@ must be optimal.

We remark that so far we have only proven that o converges subsequentially to the
optimal value function v*. But from Lemma 2.3.4, we know that each component v (s) is
a nonincreasing sequence of nonnegative real numbers, and therefore must converge. This
combined with the subsequential convergence proves that khjg v™ (s) = vi(s) for all s € S

and n € N. O
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Theorem 2.3.8 (Policy Convergence). For any € > 0, there exists an iteration counter k.
such that p(m*, %) < € for some optimal policy ©**, for all k > k.. In fact, if the MDP

k:

has a unique optimal policy 7, then lim w*. Further, for every period n, there exists

k—o0

k

¥ (s) are optimal for the robust

an iteration counter K, such that for all k > K,, actions w

non-stationary MDP in all states s € S and all periods m < n.

Proof. We prove the first claim by contradiction. Suppose this is not true. Then, there
exists an € > 0 and a subsequence 7% of 7% such that p(7*,7) > € for all optimal policies
7, for all i € N. Since the space of all policies is compact, the sequence 7% has a convergent
subsequence 7rkij, whose limit is, say, 7. Then, there exists an integer .J such that p(wkiﬂ‘ ,T) <
e for all j > J. Further, as in the proof of Theorem 2.3.7, © must be an optimal policy. This
leads to a contradiction. Hence, the first claim is true.

Further, suppose that 7* is the unique optimal policy. Then, as shown above, for every
€ > 0, there exists an integer k., such that p(7*,7*) < € for all k¥ > k.. This implies that

k _ %

lim 7 ",

k—00

Now, for the third claim, we note that the result is trivially true if 7% is optimal for some
k. When this is not the case, we first claim that given ¢ > 0 and any period n, there exists
an iteration counter K, such that for all k > K,,, |7 (s) — 7%*(s)| < ¢, for all m < n and for
all s € S, for some optimal policy 7%*. Suppose not. Then, there exists a subsequence k;,
and for each i, a period m; < n and state s; € S such that |7%i (s;) — 77, (s;)] > € for all 4,
for all optimal policies 7*. But k; has a further subsequence k;, such that ki converges to
an optimal policy 7 as in the proof of Theorem 2.3.8. This leads to a contradiction. Now,
fix 0 < € < 1 and a period n, and consider any iteration £ > K,. For any m < n and
s € S, we have, |7F (s) — 78*(s)| < € for some optimal action 7% (s). Then, since € < 1 and

m

7k (s), 7 (s) € A ={1,2,..., A}, we have 7% (s) = 7¥*(s). This proves that all actions up

m

to period n are optimal for policies 7 with & > K,,. O]

We comment that this type of subsequential convergence is the most one can obtain, in

general without exploiting any problem-specific features, in infinite-horizon nonstationary
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sequential decision problems [37, 38].

In this discussion, we did not consider the question of how to solve the inner maximization
problems in (2.5) and (2.6) within Algorithm 1. These problems can be solved by following
standard procedures from robust MDPs, and in particular, this can be done efficiently when
the uncertainty sets Py, , are convex. We refer the readers to [9, 28, 33] for detailed discussions
of this issue.

As we stated in Section 2.1, nonstationary MDPs are a special case of countable-state
stationary MDPs. The simple policy iteration algorithm for nonstationary MDPs in [22] was
extended to countable-state stationary MDPs in [30]. Along similar lines, the work in this

chapter is extended to robust countable-state stationary MDPs in the next chapter.
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Chapter 3

APPROXIMATE POLICY ITERATION FOR ROBUST
COUNTABLE-STATE MARKOV DECISION PROCESSES
WITH BOUNDED COSTS

3.1 Introduction

Policy iteration for “nominal” (i.e., non-robust) MDPs starts with an initial guess policy. In
every iteration, the value of the current policy is computed and a new policy is obtained by
minimizing the @-function of dynamic programming for each state. For finite-state, finite-
action MDPs, policy iteration finds an optimal policy in a finite number of iterations (Theo-
rem 6.4.2 in [35]). For countable-state MDPs, however, this method cannot be implemented
directly since it entails solving an infinite system of equations and searching for minima over
infinite sets. This issue was recently addressed for the nominal case via approximate versions
of policy iteration [22, 30].

In the case of robust MDPs as well, policy evaluation and policy improvement are rendered
unimplementable when the state-space is not finite. In fact, a practical method for solving
robust countable-state MDPs is not available in the literature, and we provide such an
algorithm in this chapter. An as-is implementation of robust policy iteration runs into issues
arising from three different sources. The first of these is due to the countable nature of the
state-space, analogous to challenges in the nominal case, and is resolved via state-truncation.
The algorithm includes only finitely many states in each iteration. This yields approximate
versions of both steps of policy iteration, which now comprise finite systems of equations. The
main idea behind this approach is that the expected cost for far-away states is small. Such a
property holds trivially in the nominal case. In the robust counterpart, this is ensured by a

natural assumption on the uncertainty sets, which states that the probability of transitioning
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to states outside the truncated state-space shrinks uniformly as the size of the state-space is
increased.

The other issues are particular to the robust variant. The robust policy evaluation step
entails the solution of a non-linear implicit equation, which cannot be performed exactly in
general. This is addressed via successive approximation to compute an approximate value of
the current policy. Additionally, an “inner” maximization problem must be solved in each
successive approximation step to compute the worst-case value. While the exact value may
occasionally be found, the maximization needs to be performed numerically to some finite
accuracy in most cases. Numerical errors arising from this step are also incorporated into
our algorithm.

Thus, we present in this chapter an approximate policy iteration algorithm that can be
used in practice. We prove that the algorithm generates a sequence of policies whose value
functions converge monotonically to the optimal value function. The policies themselves
converge subsequentially to an optimal policy. We also provide examples of robust MDPs
which fall within our framework. Any robust MDP with interval uncertainty sets can be
solved via the proposed method. In fact, the inner problem can be solved analytically and
calculations within the algorithm are greatly simplified. We also consider robust MDPs
with bounded transitions, wherein the change in state in a single period is bounded above.
Finally, we discuss how our algorithm can be implemented on a robust equipment replacement
application that does not fit within these two classes of problems. The MDPs in this chapter
are infinite-horizon with stationary data and discounted costs. Immediate costs are bounded,
state-spaces are countable and action-spaces are finite. We henceforth omit these qualifiers

for brevity.
3.2 Problem formulation

Consider an infinite-horizon stationary MDP with a countable state-space & = {1,2,3,...}.
In any period, the decision-maker observes the current state s € S and chooses an action a

from a finite set of possible actions A = {1,2,..., A}. We assume, for notational convenience,
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that the set of actions is independent of the state s, but our analysis can easily be extended
to state-dependent finite action sets A(s). Once an action has been chosen, the system
transitions to a state s’ with probability p(s'|s,a), incurring a nonnegative cost (s, a, s).
The immediate costs are assumed to be uniformly bounded above by some constant ¢ > 0.
Thus, 0 < ¢(s,a,s") < cforall 5,5 € S and a € A. Further, the cost incurred in period ¢ is

discounted by a factor A, where A € (0, 1) is a constant.

A (deterministic stationary) policy o is a rule which assigns a unique action to every
state. For a policy o, let v7(s) be the expected total discounted cost incurred over an infinite
horizon when the system is initially in state s. The decision-maker’s objective is to find a
policy which minimizes this cost for all possible initial states, and this is achieved by solving
the Bellman equations

v¥(s) = Héi,? E,[c(s,a,s") + W (s)], s €S. (3.1)

Here E,[-] denotes the expectation with respect to the probability distribution p(:|s,a).

That is, E,[u(s')] = > p(s'|s,a)u(s’) for any function v defined on S. The state-action
s'eS

dependence of p is omitted since it is implied by context. An optimal policy is constructed

by choosing an action from the argmin set in (3.1) for each state.

In the above setup, the transition probabilities are treated as known model parameters,
and we call this model the “nominal” MDP. In practice, these probabilities may be estimated
from historical data. The resulting estimation errors are ignored. Since the choice of optimal
policy may be sensitive to these errors, robust MDPs try to mitigate their effect by assuming
that the transition probabilities are ambiguous and only known to lie in certain prescribed
uncertainty sets. More precisely, for each state-action pair (s, a), the probability mass func-
tion p(-|s, a) is assumed to lie in a set P?. Here, P? is a (known) subset of M(S), the space
of all probability mass functions defined on S. For instance, P? may consist of probability

distributions that are “close” to some statistically-estimated nominal distribution. In the ro-

bust formulation, the decision-maker follows a conservative approach and seeks to minimize
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the worst-case expected total discounted cost. Under standard rectangularity assumptions
which stipulate that the transition probabilities be independent across periods, the optimal

value function for the robust MDP is obtained by solving the robust Bellman equations

v*(s) = min ( sup E,[c(s,a,s') + )\U*(S/)D, seS. (3.2)
acA \ pepa

A robust optimal (stationary) policy is defined for each state by choosing an action from
the argmin set above. The maximization problem inside the square brackets is called the
inner probLem Detailed analytical treatments of robust MDPs are available in [9, 28, 33].

Observe that if all uncertainty sets are chosen to be singleton, containing only the nominal
distribution, equations (3.1) and (3.2) are identical, and the robust MDP reduces to the
nominal MDP. We further point out that solving the system of equations (3.2) amounts to
finding a value function that is simultaneously optimal for all states s. This is equivalent to
optimizing a weighted {'-norm (called the S-norm) of the value function, defined as ||u||s =
> B(s)|u(s)] for all w € V. Here, [ is a strictly positive function on S such that > f(s) <
f)%S, and V is the space of all bounded functions on §. In particular, 5 can be Vieizxefgd as an
initial state distribution and the S-norm as the expected value of the worst-case expected
total discounted cost defined in Equation (3.2). Policy iteration is a standard method for

solving this problem but its implementation is not possible when the state-space is countable.

We describe the issues that arise, and our approach to resolving them, in the next section.

3.3 Challenges in designing policy iteration

A detailed description of the policy iteration algorithm for solving robust MDPs is given in
[28]. We outline below the two key steps of the simple version of policy iteration. The method
is initialized by choosing an arbitrary policy o. Then, the first step is policy evaluation,

wherein the value v? of policy ¢ is computed via the system of equations

v7(s) = sup Eplc(s,0(s),s) + \(s)], s€S. (3.3)

pEPY
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Here P? is short-hand for Py ©) In particular, v is a fixed point of the robust evaluation

operator L7 defined on V' as

L (u)(s) = sup E,c(s,0(s),s") + Au(s)], seS, forallueV.
pEP?
The second step is simple policy improvement, wherein a state-action pair (s, a) is chosen

as follows.

(5,a) € argmin{ sup E,le(s,a,s') + M7(s')] — v"(s)}. (3.4)
seS,acA \ pePe

For any state-action pair (s, a), the term inside the brackets in (3.4) gives the change in cost
when action a is chosen in state s instead of that prescribed by the policy ¢. This term is
zero if a = o(s), and takes a negative value if choosing action a in state s gives a lower total
cost. Then, by definition, (5,a) is a state-action pair which gives the largest reduction in
total cost, and policy o is updated by prescribing action a in state 5. This policy iteration
algorithm, while well-defined in principle, is not implementable for three main reasons that

we describe below.

Countable state-space: The first difficulty arises because S is countable. As such, (3.3)
calls for solving infinitely many equations. Similarly, solving (3.4) consists of searching for
a minimum over an infinite set. This issue arises in the nominal case as well, and was ad-
dressed in Ghate and Smith [22] for non-stationary finite-state MDPs, which can equivalently
be viewed as a special case of stationary countable-state MDPs. They developed an imple-
mentable and convergent policy iteration algorithm using finite-dimensional approximations.
A similar algorithm was also designed in the previous chapter for robust non-stationary finite-
state MDPs. The approach in Ghate and Smith was also generalized by Lee et al. in [30] to
solve nominal stationary countable-state MDPs with unbounded immediate costs. The key
idea was to use finite truncations of the state-space to render the policy evaluation and im-

provement steps implementable. We use a similar idea of state-truncation. In each iteration,



31

the algorithm includes only the first N states from S, where N itself is chosen adaptively.

Nonlinear evaluation operator: The second issue is particular to the robust MDP. In the
nominal case, L7 is a linear operator, and the policy evaluation step in equation (3.3) reduces
to solving a finite system of linear equations once the state-space has been truncated. The
robust policy evaluation step, however, consists of solving a non-linear implicit equation; this
is not possible in general, even when the state-space is finite. We were able to overcome this
hurdle in the previous chapter because the policy evaluation equations in the non-stationary
case were not implicit owing to the time-staged structure of the probLem In the absence of
such structure here, we instead approximate the value function by performing a finite number
of iterations of successive approximation. This idea is similar to that used in modified policy
iteration [29, 35].

With these two modifications, we now need to solve the system of equations

0" (5;0) =0, s€ Sy, (3.5)

v7N(s;t) = sup B, [c(s,0(5),8) + >N (st —1)], se€Sy; t=1,2,....,T. (3.6)
pEPS

Here, Sy = {1,2,..., N} consists of the first N states from &, and T' is some integer in

the set of natural numbers N. E,  denotes the “expectation” over the first IV states, that

is, E,,[u(s)] = > p(s']s,a)u(s’) for any function u(-) on §. The complementary sum

s'<N
S p(s'|s,a)u(s’) is denoted by Eg[u(s")]. Then, v*¥ (s;T) is an approximation to the true
s'>N
value function v?. We can also view vV (s; T) as the value of a stationary policy o for an
N-state, T-horizon robust MDP with stationary immediate costs and zero terminal costs.

We will call this an (N, T)-approximation to the original MDP.

Solution of the inner problem: Finally, there is one more challenge associated with
robust MDPs. The inner problem in (3.6) is itself a maximization problem, and while a

closed-form solution may occasionally be found, this problem must be solved numerically
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in most cases. Moreover, the numerical error from this step must also be incorporated into
the algorithm. This issue arises even in the case of finite state-spaces, and Kaufman and
Schaefer addressed it in [29] by introducing an “inexact” modified policy iteration algorithm.
They solve the inner problem to some pre-defined accuracy, and include the error term in
their stopping condition. We use a similar idea here, but the issue is complicated by the
countable nature of the state-space. As more states are included in the truncated state-
space, the numerical error from this step must asymptotically vanish for the algorithm to
converge. More precisely, if the inner problem with N states is solved to some accuracy €y,
we must have ey — 0 as N — oo. This, however, may not always be possible. Note that the
inner problem in our model is an infinite-dimensional optimization problem and numerical
techniques may fail to solve it to any given tolerance. This necessitates a careful selection of
uncertainty sets over which a linear function may be optimized to arbitrary accuracy. This
is discussed in more detail in Section 3.5, and natural examples of such sets are provided
in Section 3.6. For now, this final level of approximation leads to the following system of

equations, which our approximate policy iteration algorithm seeks to solve.

7N (s;0) = 0, se Sy, (3.7
~o,N N / ~o,N ()
07 (s5t) = sup B, fc(s,0(s),s) + X07V (st —1)], seSy; t=1,2,....,T. (3.8)
pEPY
The notation = is used to denote an e-approximation, that is, u o= lu—1u] <e In
the event that the inner problem can be solved exactly, we choose €y to be zero for all NV,

which amounts to solving Equations (3.5)-(3.6).

These three levels of approximation address the issues that would arise in an “as-is”
implementation of standard robust policy iteration, and lead to an approximate policy iter-
ation algorithm, every step of which requires a finite amount of memory and computation.
Moreover, the state-truncation level N and the number of successive approximation steps
T are chosen adaptively via an iterative procedure, so that the action update in the ap-

proximate policy improvement step guarantees strict improvement in value in each iteration.
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The adaptive procedure is designed such that this improvement is sufficient to ensure value
convergence to optimality. These properties of the algorithm and convergence results are

discussed in detail in Section 3.5, but we first present the algorithm itself in the next section.
3.4 Algorithm

The proposed approximate policy iteration method is described in Algorithm 2. It starts out
with an initial policy. In each iteration k = 1,2, ..., Step 2(a) initializes the number of states
N in the truncated state-space and the number of successive approximation steps 1. Steps
2(b)-2(d) find a state-action pair which gives the largest approximate reduction in cost. If
this improvement is sufficient and condition (3.13) is satisfied, the variables N (k) and T'(k)
are assigned values N and T respectively, the current policy is updated and the algorithm
proceeds to iteration k+ 1. If not, both N and T" are incremented by one and Steps 2(b)-2(d)
are repeated. In this manner, the algorithm generates a sequence of policies which strictly
improve in value and their value functions converge to the optimal value function v*.

Step 2(e) checks if the approximate cost-reduction is sufficiently negative so as to provide
an improvement in the true value function. This requires the calculation of a parameter
§(s,a, N,T). It is a bound defined in Lemma 3.5.8 via a recursive expression, and it converges
to zero as N and T grow to infinity. Algorithm 3 gives a subroutine for computing this
expression. The bound § (and hence the subroutine) does not depend on the current policy,
and its computation does not need to be repeated in every iteration. Also, it may sometimes
be easier to compute an upper bound on ¢ which also has the same convergence behavior. In

that case, it suffices to replace § with the said bound. An example of this appears in Section

3.6.2.

k—1 1

Note that policies o and o* only differ in state s*~! and are identical in all other

k-1

states. In particular, if we set N < s in iteration k, the two policies coincide over Sy.

Such an N did not get sufficient cost-reduction in iteration k — 1, and it will also fail to do
so in iteration k. Hence, it is sufficient to initialize N = s*~! instead of N = 1. Moreover,

our algorithm follows a “diagonal” approach in which N and T are always equal to each
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Algorithm 2 Approximate policy iteration for robust countable-state MDPs.

1: Initialize: Set iteration counter k& = 1. Arbitrarily fix the initial policy o' to one that
prescribes the first action in A in every state. Set s = 1.

2: for iterations k =1,2,3,..., do
(a) Set N = s*=1 =T N(k) = oo, and T(k) = co. Let Sy = {1,2,...,N}.

Approximate policy evaluation:

(b) Let Pk = P, Compute the approximate value function v* (s;T) for all s € Sy
by performing T steps of successive approximation. That is,

v"N(s;0) = 0, s¢& Sy, (3.9)
PN (51 1) = sup E,,lc(s,0"(s),8) + WPV (s';t +1)], s€Sy; t=1,2,...,T. (3.10)
pEPE

Approximate simple policy improvement:

(c) For s € Sy and a € A, compute the approximate improvement v% (s, a;T) by
solving the following system of equations.

VN (s,a:T) 2 sup E,,[c(s,a,8) + M (s T)] — oF (s;T). (3.11)
peEPY

(d) Find a state-action pair which minimizes the f-weighted approximate improvement
across all states in Sy and actions in A. That is, let

((1).a"N(T) € axgmin (s (s.a: 7). (3.12)
seSy, a

(e) Compute §(s*N(T),a*N(T), N, T) via Algorithm 3.
If

RN (SEN(TY, PN (T); T) < —6(smN(T), ™™ (T), N, T), (3.13)

set N(k) = N, T(k) =T, (s*,a*) = (s"#N(T),a*™(T)), and update policy o* by choosing
oFT(s%) = ¥, oFTl(s) = oF(s) for all s # s*;
elseset N =N+ 1,7 =T + 1, and go to Step 2(b).
3: end for

other. This is a convenient choice which further implies that N (k) = T'(k) in every iteration,
a property used in Lemma 3.5.16 to establish that both N (k) and T'(k) diverge to infinity

as k increases. While the convergence of the algorithm relies on this divergence, it does not



35

Algorithm 3 Subroutine for computing 6(5, a, N, T')

1: Input 5, a, N, T.
2: For all s € Sy and a € A, compute

M < / My(s) = max M :
n(s,a) = sup Y p(s']s,a), My(s) max My (s, a)

a
PEPS s'’>N

3: Initialize By(s,a;0) =0 for all s € Sy and a € A. Fort =1,...,T, compute

Bn(s;t) = A By(s,a;t U+d1_MU4() €S
NS, - Icllleaj( NS, a; 1\ N\S), S N>
By(s,a;t) 2 sup E,.[Bn(s;1)], s € Sy,a € A
pEPS

4. Compute
- T c - — 2Xen dcen
0(s,a,N,T) = Mny(5,a By(5:T) 4+ AByx(5,a;T )
(Saaa ) ) 1_)\+1_)\ N($7a)+ N(S? )+ N(S7a7 )+1_)\ (1_)\)2

explicitly use the equality of N (k) and T'(k). In other words, any choice of these parameters
which ensures that Condition (3.13) is satisfied and N (k),T'(k) — oo as k — oo, would yield

an implementable convergent algorithm.

Next, we justify our claim from Section 3.3 that this algorithm can be used in practice.
The initial policy arbitrarily assigns the first action (1 € A) to each state. Thus, it has a
finite representation even though it is an infinite-dimensional policy. Similarly, since a single
action is updated in every iteration, the stationary policy o has at most k actions different
from 1 and also has a finite representation. As such, every policy can be stored on a computer
with finite memory. The approximate policy evaluation Step 2(b) now consists of solving
only finitely many equations, each of which contains finite sums, as opposed to the infinite
system in (3.3). Similarly, Step 2(d) in the approximate policy improvement step now entails
the search for a minimum over a finite set. Step 2(e) contains an “if” condition which may
seemingly never be satisfied, allowing the algorithm to get stuck in an infinite loop. However,

we show in Lemma 3.5.10 that if the current policy o* is not optimal, then the condition
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in Step 2(e) is satisfied for some large enough N and 7" and the loop terminates finitely.
The uncertainty sets are chosen so that the inner maximization in Steps 2(c) and 2(d) can
be solved to accuracy ey in finite time. Therefore, each iteration of our algorithm requires
finite memory and a finite amount of computation, resolving the difficulty we would have
encountered in implementing the standard policy iteration algorithm described in Section
3.2. As such, this approximate version of simple policy iteration is implementable.

Finally, we remark that the algorithm is not simply solving to optimality a sequence
of finite-state MDPs with increasing state-spaces. We do employ a sequence of finite-state
approximations but our approach is more subtle. Values of the truncated MDPs are only
computed approximately, which ensures that the policy evaluation step can be performed
finitely. Moreover, the size of the approximation and the policy update-scheme are chosen
suitably so that monotonic value improvement in each iteration as well as asymptotic con-
vergence to optimality are guaranteed. The convergence results are discussed in the next

section.

3.5 Convergence results

k. Let v*¥ denote the corresponding value

Algorithm 2 generates a sequence of policies o
functions. While the algorithm does not compute v* explicitly, we prove, via a sequence of
lemmas, that these values improve in every iteration and must converge to the optimal value
function v* in the S-norm as k — oco. Before presenting the proofs, though, we discuss a few
subtle issues about the uncertainty sets Pg.

First, note that the main premise for using state-truncation as an approximation for
a countable-state MDP is that far-away states are less significant. Mathematically, this
means that for any state-action pair (s, a), the expected tail cost incurred from states that
are sufficiently far away from s, is small and shrinks to zero as more and more states are
included in the approximation. This is always true for nominal MDPs, since the expected
tail cost can be bounded above by ¢ times the tail probability > p(s’|s,a), which vanishes

s'’>N
as N grows. For robust MDPs, however, this issue is non-trivial and and depends on the
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choice of uncertainty sets. In this case, we need the worst-case expected tail cost to shrink
to zero when more states are included in the approximate MDP, and this property does not
always hold. For example, suppose P¢ contains all pmfs which place an atomic mass at one
of the states. For simplicity, assume also that c¢(s,a,s’) > 1 for all s,¢' € § and a € A.
Then, for any NN, the worst-case expected tail cost sup > p(d|s,a)c(s,a,s") is at least 1.
This implies that a finite-state approximation will ngf,g; g;fg/ an arbitrarily good estimate of
the total cost for the original MDP.

Such cases can be avoided by a careful choice of uncertainty sets. Intuitively, we need

the tail transition-probability to be small regardless of which distribution from P¢ is chosen,

and this is guaranteed by Assumption 3.5.1 below.

Assumption 3.5.1. For each state-action pair (s,a) and N € S, define the maximum tail

probability as

Mn(s,a) = sup Z p(s'|s,a). (3.14)

a
PEPS s'>N

Then, My(s,a) — 0 as N — oo.

In the language of probability theory, this is equivalent to stating that the set of pmfs P¢
is “tight”. By Prokhorov’s theorem [15], this further implies that P? is weakly precompact.
That is, for any sequence p" € P¢, there exists a subsequence p™ € P? and a pmf p € M(S)
such that E,r [u(s’)] = Eplu(s’)] as n — oo, for all functions v on S. Note that the limit
p does not necessarily lie in the set P¢. This property is used later in the proof of value
convergence of the algorithm.

The second issue arises from the inner maximization probLem Recall from Equation (3.6)
that for an (NN, T)-approximation, the inner problem for a fixed state-action pair (s,a) is of

the form

u(s) = pseugl Z p(s'|s,a)[c(s, a,s") + Au(s)]. (3.15)
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The optimization variable is the probability mass function (pmf), the objective function is a
linear function of this variable, and the feasible region is the uncertainty set PZ. For finite-
state robust MDPs, this problem can easily be solved numerically under suitable choice of
uncertainty sets — closed convex sets, for example. In the countable-state case, however, this
is not straightforward since (3.15) becomes an infinite-dimensional optimization probLem
While an analytical solution may occasionally be available, numerical methods must be used
in general. As such, it may not even be possible to practically solve this problem to arbitrary
accuracy, which is essential for the implementability and convergence of the proposed policy
iteration algorithm. We observe that the objective function depends only on the first NV
components of p. Thus, optimizing over P? is equivalent to optimizing over its algebraic
projection onto the finite-dimensional space R¥, effectively making it a finite-dimensional
optimization probLem Thus, in theory, solving the inner problem here is as easy as the
finite-state case. But this idea is not very useful in practice since it requires an algebraic
representation of the projection P2 onto its first N components. This may not be possible
for many common uncertainty sets, thereby calling for a more delicate handling of this issue.
We omit further details here, and just state that the uncertainty sets must be chosen so that
the inner problem can be solved to arbitrary accuracy. In Section 3.6, we provide examples

of problems where this can be achieved.

Now, we state and prove several lemmas, which help us establish the main convergence
results in Theorems 3.5.17 and 3.5.18. For ease of exposition, interdependence of the various

results and their contributions are summarized in Figure 3.1 and Table 3.1.

The first lemma gives a necessary and sufficient condition for a policy to be optimal, and
is simply a restatement of the fact that the robust Bellman equations must be satisfied at
optimality. For a given policy o, v? denotes its value function. For each state-action pair

(s,a), let v7(s,a) be the improvement obtained by changing the policy in a single state s by



39

\

Corollary
3.5.5
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3.5.7

Y Lemma Lemma
3.5.10 3.5.11
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Corollary

A 4 Y 3.5.14
Lemma T
3.5.16

\_ d Theorems ]/v )’ )

L3.5.17, 3.5.18J

Figure 3.1: A schematic representation of the interdependence of results in Section 3.5.

replacing action o(s) with a. Then,

Y7 (s,a) = sup E,c(s, a,s") + M7 (s")] — v7(s). (3.16)

pEPY

Lemma 3.5.2. A policy o is optimal if and only if v (s,a) >0 for all s € S and a € A.

Proof. For any state s,

v7(s) = sup E,[c(s,o(s),s) + A (s")] > min{ sup E,lc(s,a,s") + )\v"(s/)]}. (3.17)

peEPT a€A \ pepa
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Description

Results used

Assum 3.5.1

Tail probabilities vanish uniformly.

Lem 3.5.2 | Optimal policies satisfy Bellman equations. —
Lem 3.5.3 | Error due to approximate solution of inner prob- | —
Lem
Lem 3.5.4 | Error due to (N, T)-approximation of the MDP. —
Cor 3.5.5 | Approximation bounds for true versus approximate | Lem 3.5.3, 3.5.4
value functions.
Lem 3.5.6 | Uniform convergence of expectations. Assum 3.5.1
Lem 3.5.7 | Policy-dependent bound ¢ on difference between | Cor 3.5.5
true and approximate improvement.
Lem 3.5.8 | Existence and convergence of a policy-independent | Assum 3.5.1,
bound & > . Lem 3.5.6, 3.5.7
Cor 3.5.9 Convergence of approximate value of a policy to its | Cor 3.5.5, Lem 3.5.8
true value.
Lem 3.5.10 | Finite termination of the ‘if’ loop in the algorithm. | Lem 3.5.2, 3.5.8
Lem 3.5.11 | Contraction property of the robust evaluation op- | —
erator.
Lem 3.5.12 | Policy update by an improving state-action pair | Lem 3.5.12
gives a better policy.
Cor 3.5.13 | Policies generated by the algorithm are nonincreas- | Lem 3.5.11, 3.5.12
ing in value.
Cor 3.5.14 | The algorithm never repeats a non-optimal policy. | Cor 3.5.13
Lem 3.5.15 | Weighted improvement for (s*,a*) asymptotically | Cor 3.5.14
vanishes.
Lem 3.5.16 | The number of states included N(k) and the num- | Cor 3.5.14
ber of successive approximation steps T'(k) diverge
to infinity.
Theorems | Policies generated by the algorithm converge in | Assum 3.5.1,
3.5.17 & value to optimal; policies converge subsequentially | Lem 3.5.2, 3.5.8,
3.5.18 to an optimal policy. 3.5.12, 3.5.15,

3.5.16, Cor 3.5.14

Table 3.1: A summary of contribution and interdependence of the results in Section 3.5.

= v7(s) < min

First suppose that v7(s,a) > 0 for all s € S, a € A. Then, by definition of (-, -),

v7(s) < sup Eyle(s,a,s) + A7(s)] forall se S,ae A

pEPS

acA { pePe

sup E,[c(s,a,s') + /\v”(s')]} for all s € S.
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This combined with (3.17) implies that

v (s) = min{ sup E,[c(s,a,s") + /\vg(s’)}} for all s € S.

acA L pepa

Thus, v7 satisfies the robust Bellman equations and must be the optimal value function.
Hence, the policy o is optimal.

Conversely, suppose that policy ¢ is optimal. Then,

v7(s) = min{ sup E,lc(s,a,s') + )\v”(s’)]} forall s € S
acA peEPL

< sup Ey[c(s,a,s) + A7 (s")] forall s € S,ae A
pePS

— 0<1(s,a) forall s € S,a € A

This completes the proof. O

We noted in Section 3.3 that it may not be possible to solve the inner maximization
problem in Equation (3.6) exactly. As such, for any N and T, the algorithm solves the inner
problem to a pre-defined accuracy ey in each step of successive approximation. The next

lemma computes the total error accumulated as a result.

Lemma 3.5.3. For fited N and T, andt =1,...,T, let v>N (- t) be obtained from Equations
(3.5)-(3.6); and let 97N (-, t) be obtained from Equations (3.7)-(3.8). Then,

t

o,N ~o,N
N(s,t) — 07NV (s,1)] < ey i
0 (s,1) = 0°V(s,0)] < en -

forallse Sy, t=1,2,...,T. (3.18)

Proof. Recall that v (-,t) is the value function for the (N,T)-approximation when the
inner problem in Equation (3.6) is solved exactly. Similarly, 9" (-,¢) is the value function
obtained when the inner problems are solved to accuracy ey as in Equation (3.8). We will
prove the result by induction on t =0,1,...,T.

We introduce an intermediate function 97" (s;t) obtained by solving (3.8) exactly. That
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is,

7N (s:) = sup By [els, 0(s), 8) + N7V (5t~ 1)], s € Syt =1,2,..., T, (3.19)

pEPY

Thus, 97 (s; 1) = 59V (s;t) for all states s € Sy and for all t =1,...,T.

Since v7N(s;0) = 0 = 7 (s;0) for all s € Sy, it follows from Equation (3.19) that

07 (s11) = sup E,\[c(s,0(s), ") + A07¥ (s 0)]

= sup B, [c(s,0(5),5") + M (s';0)] = 07 (s: 1).

peEPY

Therefore,
157N (5;1) — 07N (5;1)] < [07N (551) — 57N (55 1) + |07V (5;1) — 07N (5;1)| < 0+ ey = en Vs € Sy.

So the result holds for t = 1. Now, suppose the result is true for some t < T and we will

prove it for t + 1. Once again, for any s € Sy,

ﬁU’N(s;t+ 1) = sup E,,[c(s,0(s),s") + A@”N(S t)]
peP?

< sup B, |c(s,0(s),s )+A( TN (1) + (1_”)1—)\)}

pEPZ

< sup By, [e(s,0(s), 8') + N (5 1)] + (A — A+ 2
pePY I—A

=M (st + 1)+ A=A eNA

= 7N (s;t+1) <N (s;t+ 1) + ey

<o N(sit+1)+ (A — Wl)lefA Fen = v (s5t 4+ 1) 4 (1 — AN
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Similarly,

v7 N (s;t + 1) = sup E,.lc(s,0(s),5) + M7 (s 1)]

pEPZ
< sup By, [efs,(s), ) + A (57 (s'50) + (1= X)) |

pEPI I—A
< sup E,, [c(s,0(5),8) + M\o7N (s )] + (A — )\t+1)€—N

pEPS I—-A
= 7N (st 4+ 1)+ (A= AT

1—A

<N (sit 1) Fen + (A= X = 0V (st 4 1)+ (1= A

Thus, [v7N(s;t) — 07V (s;t)] < en(1 —AY)/(1 — X) for all t = 1,...,T. This completes the

proof. O

Even when the inner problem can be solved exactly, the algorithm never computes the
true value v7 of policy o. Instead, it computes an (N, T')-approximation to v? via equations

(3.5)-(3.6). Our next lemma provides bounds on the quality of this approximation.

Lemma 3.5.4. Let o be a fized policy with value v°. For fivred N and T, let v>N(-;T) be

its approximate value function obtained via Equations (3.5)-(3.6). For all states s € Sy, we

have,
)\t
VN (5, T) <07 (s) < "N (s, T) + 10_ <+ Enlsio D), (3.20)
where En(s;0,0) =0 and fort=1,2,...,T,
/ C<1 — )‘t>
En(s;o,t) = Asup E, [En(s50,t —1)] + ﬁMN(s, o(s)). (3.21)
pEPY B

Proof. We will prove the result in two steps by introducing an intermediate approximation
to the value function. Let v7(-;T") be the approximate value of a policy ¢ obtained through

T steps of successive approximation, starting with an initial guess 0. Note that v7(-;T) is
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defined for all states in S. So,

17(s;0) =0, seS§ (3.22)
v7(s;t) = sup Eyle(s,o(s),s') + (st —1)], se8;t=1,...,T. (3.23)

pEPS
We first obtain a relationship between v (-; T') and v7(+), using inductionont = 0,1, ..., T.

For any state s € S, the true value function is non-negative and bounded above by ¢/(1—\),
that is, 0 < v7(s) < ¢/(1 — A). This implies that v7(s;0) < v7(s) < v7(s;0) +¢/(1 — ) for

all s € S. Now suppose for some t < T', we have,

)\t
V(8’5 t) < v7(s) <v7(sst) + 16_—/\, Vs eS.

We will show that the result holds for t + 1 as well. Fix a state s € §. Multiplying the above
inequality by A and adding c(s, o(s), s’) gives

c)\t+1

1_)\,‘v’s €Ss.

c(s,0(s),s") + M7 (s'5t) < cs,0(s),8) + M7 (s') < c(s,0o(s),s) + (s t) +

Further multiplying the above with any p(-|s,o(s)) € P? and summing over all s’ € S,

we have

E,[c(s,0(s),s) + A7 (s5t)] <E,le(s,0(s),s") + M7 (s)]

C)\t+1
=)
C)\t+1

1—\

<E, [c(s, o(s),s') + 7 (sst) +

=E,[c(s,0(s),s) + A7 (s;8)] +

Finally, taking suprema over P? gives

t+1

1—A

VI(s;t+1) <v7(s) <vo(s;t+ 1)+ Vsed.
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Thus, we have for all t =1,...,T and for all s € S,

et
1=\

v (s;t) <v7(s) < v(s;t) + (3.24)

Next, we compute the error introduced by state-truncation. For this, we obtain a rela-
tionship between v>V (-; T') defined in Equations (3.5)-(3.6), and v°(+; T') defined in Equations
(3.22)-(3.23). We claim that for t =0,1,...,T, we have

7N (s:t) < v7(s;t) < v (s5t) + En(s; 0, t), (3.25)

where Ey(s;0,t) is defined in Equation (3.21). Since Ex(s;0,0) = 0 and vV (5;0) = 0 =
v7(+;0) for all s € Sy, the result is true for £ = 0. We complete the proof by induction on
t=20,1,...,T. Observe that

C

1—-A

07 (s5t) < c(1+A+...+ A7) = 1-X) VseS t=12,...,T. (3.26)

Suppose our claim is true for some t < T'. Then, for t + 1, for a fixed state s € Sy, we have

UU’N(S; t+1) = sup E, [c(s,0(s),s") + /\v”’N(s/; t)]

peP?

< sup E, [c(s,0(s),s") + M7 (s';t)] (by induction hypothesis)
pePy

< sup E,[c(s,0(s),s) + A7 (s;8)] = v7(s;t + 1).
peEP?



46

Conversely,

V(55 + 1) < sup By, [e(s, 0(s), ) + X0 (5 6)] + sup Eygle(s, o(s), ') + W7 (/;1)]
pEPZ peEPI

< sup E,[c(s,0(s),s") + )\(UU’N(S'; t)+ En(s'50,1))]
pEPY

cA .

[c + T )\(1 -\

+ sup Eﬁ
peEP?

< sup E, [c(s,0(s),s") + AN (s';1)] + A sup B, [En (8 0,1)]
pEP? pEPY

4 c<11%)\;ﬂ>MN(s,a(s))

] A
= 0" (st + 1)+ A sup B, [En(ss0,0)] + ¢| ——— | Mn(s,0(s))
PUlng(s) L=A

= 07N (s;t + 1)+ En(s;o,t + 1),

where En(s;o,t + 1) is defined in Equation (3.21). Thus, the claim is true for all ¢ =
0,1,....T.

Finally, combining Equations (3.24) and (3.25) and plugging in t = T completes the
proof. n

The algorithm explicitly computes the approximate value function ¢ (-; T'), and the next
corollary combines Lemmas 3.5.3 and 3.5.4 to bound the deviation of this approximation from

the true value function v7(+).

Corollary 3.5.5.

’ : S vTS: + + S0 + € % € .
v S5 1 \ EN SV = ) 1 \ N\o,U, N 1 )\ 5 N
Pr 00]. The result follows from Equations (318) and (320) UJ

The algorithm uses state truncation, successive approximation and approximate solution

of inner problems to explicitly compute an approximate value function. A desirable property
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in any good approximation is that it asymptotically recover the true value. Towards this
goal, the following results will show that the error terms obtained in Corollary 3.5.5 vanish
as N and T are made arbitrarily large. But we first present a result that establishes uniform
convergence of certain expectations. This will be utilized in subsequent proofs.

Suppose uy(-) is a bounded sequence of functions that converges pointwise to zero on
S as n — oo. Then, for any pmf p € M(S), the expected value E,[un(s")] — 0 by the
Dominated Convergence Theorem. However, the approximation bounds obtained in the
previous lemmas contain terms of the form sup E,[uy(s")]. It is not obvious whether these
worst-case expected values vanish as well. leloee 7rjlsext lemma establishes that they do, provided

the uncertainty sets satisfy Assumption 3.5.1.

Lemma 3.5.6. For all s € S, let un(s) be a non-negative sequence that converges to 0 as

N — o0, and is uniformly bounded over S by some constant U. For all N € N, define

any = sup Ep[un(s")],
peEP

where P satisfies Assumption 3.5.1. Then, ay converges to 0 as N — oo and is uniformly

bounded above by U.

Proof. 1t is easy to see that 0 < ay < U for all V.

Further, for any n € N, we can write

ay = sup (Epn [un(s]) + Ep; [UN(S’)])

peP

< supE,, [un(s']) + sup Eg; [un(s)]
pEP peP

<supE,, [un(s]) + Usup Ez[1].

peEP peEP

Given € > 0, choose n so that sup Eg;[1] =sup Y p(s’) < €/(2U). Such an n exists since P
pEP pEP s'>n
satisfies Assumption 3.5.1.

Further, note that uy(s) vanishes uniformly over s € {1,2,...,n}, that is, we can find



48

Ny € N such that for N > Ny, un(s) < ¢€/2 for all s € {1,2,...,n}. Then, for N > Ny, we

have
<< supE, 1]+ U— <
a — su — <e.
N =g S 2T =
Since € > 0 was arbitrary, this completes the proof. O

The policy improvement step uses the value of the current policy to choose a state-action
pair which gives the maximum improvement. Since the true value v? is not available, we
cannot compute the true improvement either. Instead, the algorithm computes an approxi-

mation v7N (-, -; T) defined as

v N(s,a;T) 2 sup E,,lc(s,a,8) + 07N (s T)] — 97N (s;T), Vs €Sy, a€ A (3.27)

pEPS

The next lemma establishes a relation between the approximate improvement and the true

improvement defined in Equation (3.16).

Lemma 3.5.7. For a fized policy o and for any state s € Sy, action a € A,
|7”’N(s, a;T) — 7”(3,@)} < d(s,a,0,N,T), (3.28)

where

d(s,a,0,N,T) = - (AT + 2en + My (s,a)) + En(s;0,T) + A sup Ep [En(s;0,T)].

1—X pEPE
(3.29)
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Proof. For any state s € Sy and action a € A,

77 (s,a) = sup E,[c(s,a,s’) + M7 (s")] — v7(s)
peEPS

< sup E, [e(s,a,s") + M7 (s)] + sup Epxlc(s, a,s") + M7 (s")] — v7(s)

pEPY pEPY
/ ~o,N (. A’ 1=\" /
< sup EpN[c(s,a,s)+)\<v (T + +en +5N(S;U,T)>]
s (Y )
Ac ~o,N -\
+ (c—l— . >\>MN(S7G) — 07 (s;T) + ey T (by Corollary 3.5.5)
< sup E, [c(s,a,8) + 07N (s;T)] — 97N (s;T)
peEPS
AT 11—\ c 11—\
A A E, [En(s;0,T)]+—M
oy PravgTy TAS Bl (o Dl g3 Mu(s,a) +ev3—3
<27 (s,0;T) + en
T+1 T c
+ + (14 Nen +Asup E, [En(s50,T)] + ——Mp(s,a)
1— 1— o 11—

AT+l 1 — \T+1

C
2ey——— + A E, . [En(s;0,T
T Ry PASD BulEv(sho Dl

S’}/U’N(S,Q;T)+ MN(Sva)'
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Conversely, for any state s € Sy,

v N(s,a;T) 2 sup E,,lc(s,a,8) + 07N (s, T)] — 97N (s;T)
peEPY

<en+ sup B, [c(s,a,s) + 7N (s T)] — 07N (s;T)

peEPS
/ o( 1_)\T
§€N+supEpN[c(s,a,s)—|—)\v (s") +en }
pEPY 1—A
el 1-\T
—v7(s) + X +En(s;0,T) + €en T (by Corollary 3.5.5)
/ ol 1_>\T
§eN~l—supEp[c(s,a,s)+)\v (s) +en }
pepg 1 —A
" cAT 1— AT
—v7(s) + 1_)\+SN(S,O',T)+EN )
< sup E,[c(s,a,s") + M7 (s")] — v7(s)
pePy
1= 1=\ eAT
14 ) .0, T
+€N<+ 1_/\+1_)\ +1_)\+(€N(S,U, )
1 _)\T—H C)\T
=~7(s,a) + 2y T 1o +En(s;0,T).

Thus, for all s € Sy, a € A, we have,

hk’N(s, a;T) — 4" (s, a)| < ﬁ ()\T + 2eny + My (s, a)) +En(s;0,T) + Asup E, [En(s"50,T)]
- pEPS

=4(s,a,0,N,T).

This completes the proof. n

The bound 4 in the previous lemma allows us to choose a suitable state-action pair in
the policy update step so that the true value function improves. For the algorithm to be
convergent, however, we need an upper bound on ¢ which is policy-independent and vanishes
asymptotically as N and T grow. The existence of such a bound ¢ is established in the next

lemma. It is obtained via a recursive expression, and a subroutine for computing it is



ol

provided in Algorithm 3. In some cases, it may be easier to compute an upper bound on &
which demonstrates the same convergence behavior. We remark that replacing § with such

a bound works just as well in the algorithm. An example of this appears in Section 3.6.2.

Lemma 3.5.8. There exists a policy-independent bound 6(s,a, N, T) such that §(s,a,0, N, T) <
5(s,a,N,T) for all s < N, a € A and policies o, and §(s,a, N,T) — 0 as N,T — o0o.

Proof. For every N € S and state s € Sy, let My(s,a) = My (s,a) and let My(s) =
max My(s,a). Since there are finitely many actions in A, it follows from Assumption 3.5.1
ac

and by choice of ey that My(s) also vanishes as N — 0.

Further, let By(s;0) = 0 = By(s,a;0) =0. Fort = 1,...,T, define

= c(1 =M
Bn(s;t) = Amax By(s,a;t — 1) + ———=Mn(s), Vs e Sy,
acA 1—A
By(s,a;t) = sup E,,[Bn(s,1)], VseSy, ac A

peEPY

Recall the definition of error Ex(+,-;t) from Equation (3.21). For a fixed policy o, state
s€Syandt=1,...,T, weshow that Ex(s;0,t) < By(s;t)+(A+c(14...+X")en/(1-N).

For t = 1, we have

En(s;o,1) =cMn(s,0(s)) < cMpy(s) + cen = By(s,1) + cen < By(s, 1) + 1\+)C\6N.
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Suppose the relation holds for some ¢ < T'. Then, for ¢ + 1, we have

1 — )\t—f—l
En(s;ot+1)= A sug) E, [En(s50,t)] + C(l—)\>MN(s, o(s)) (by definition of Ey)
pEPY o
A 14...+ A 1 — At
< Asup E,, |By(s';t) + nalil ;— )\+ )GN %(MN(S)—FEN)
pEP? - -
A2 At N 1 — A1
< Asup E,[By(s;t)] + —|—c(1+>\ i >€N—|— « X )(MN(S)—|—EN>
peEPY - -
- c(l — A N teA+.. N c
g)\BN(S,J(S);t)—F)\GN‘i‘(lf)\) N(s)+ (1_)\ )€N+1_)\€N
- c(1 — A1) N 4ce(A+...+ ) c
< .
_)\r;leaﬁcBN(s,a,t)%——l_)\ MN(5)+6N<)\+ T —1—1_)\)

A+41+A+”.+MU

:BN(5§2)+€N( T

Thus, for any t,

A+41+A+”.+XU
EN-

Enls;0,1) < Bu(sit) + ( T

Also,

<AW+dA+”.+ATH»€

1—\ N

AQ-kc{A-+...+-AT+1)>
11—\ N

)\+c()\+...—|—)\T+1)>

=) N

Asup E,  [En(s'50,T)] < Asup E,, [Bn(s;T)] +
pEPY pEPY

< ABn(s,a;T) + Xey + (

= ABy(s,a;T) + (
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Therefore,

d(s,a,0, N, T) = ﬁ (AT 4+ 2en + My (s,a)) + En(s;0,T) + A sup B, [En(s;0,T)]

- pEPY

C

)\+c(1+)\+...+)\T)>
EN

< T Y )
_1_)\<)\ +3€N+MN(S,(I)>—|—BN(5,T)+< —
e At e A+ ...+ AT+
+)\BN(S7G;T)+< + ¢f Y_AJF )>€N
Al Sy - 2)\e
=75 +71 _AMN(s,a)+BN(s;T)+ABN(S,a;T> 3 _];
N v -
+1_)\<3+1+-..+>\ A A >
A,y . Dy deey
_1—)\+1—A N(Saa)_'_ N(S; )+)\ N(S,a, )+1_>\+(1_)\>2
£ 6(s,a; N, T).

Now, we show that d(s,a; N,T) — 0 as N, T — oo. In order to prove this, it suffices to
show that By(s;T) vanishes asymptotically. Note that this would imply that By(s,a;T)

also converges to zero.

Fix s € §. For any N > s and T, we have

Bn(s;T) < L]\/[N(S) + Aeny + Amax sup E, [By(s1, T — 1)]
1 - >\ acA peEPL

< L]\/[N(S) + )\EN

“1-A
+ A may sup E,, [me(sl) + Aen + Agllg;}plsel% E,. [By(s2, T —2)]

A\
< % My(s) + —2 max sup E,, [My(s1)] + (A + \)ey
1 — A — acA pe’])éz

+ M max sup E [max sup E 1 |[By(s2,T —2)|].
aE-Ape%zz PN aleAplep%ll p}v[ n(s2 )

Here, we have used the fact that sup(f(z) + g(x)) < sup f(x) + sup g(z) for any functions f

T

and g.
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Recursively repeating this argument, we get

By(s;T) < (A4 ...+ X Dey

C
-0+ g B B+

+ A\ max sup EpN [maX sup [ .. [max sup Epil\"FQ[BN(ST_h 1)”” }

acA pEPS a1 €A plepg% a1 €A p2€73:77::22
A= \T c cA
= Mpn(s max sup E, . [Mn(s
T v T RMY e 2CA peps o M (s1)] +
eNT—1
+ max sup E [max sup [ ..|max sup E r-o[By(sr_1,1 H
1 — acA pe’pg bN a1€A p1€7>§11 |:a1€./4 pQG'PS;::QQ PN [ )”

By choice of ey and by Assumption 3.5.1 respectively, the first two terms in the above
expression converge to 0 as N — oo. Further, My(s) is a nonnegative sequence which
vanishes asymptotically and is bounded uniformly over S by 1. Thus, by Lemma 3.5.6, the
third term in the above expression also converges to zero as N — oo, and is bounded by
1. Repeatedly applying this argument gives us that for a fized T, each term vanishes as N
grows. However, we still need to establish the convergence of the double sequence as both

N and T grow simultaneously.

Observe that the t+1-st term is bounded above by cA*~!/(1 — \). For any T € N and



95

T > Ty, we have

A= \T
By (s;T) < 1— EN

C
+ )\{MN(S) + Argg;&g Epy [Mn(s)] + ...

+ A ' max sup E,, |max sup |...[max sup E z-2[Bn(sp-1,1)]]
acA cpa a1€A 1 a7y a1€A ar. _o PN
pEPs pLeps] pTo—2epT0

+ %/\{/\TO +.o AT

A= \T
<
B

EN

C
+ E{MN@) + )\Igle%i(;;g EPN [MN(Sl)] + ...

+ A" max sup E [max sup [ ..|max  sup  E n-2[By(s1,-1,1)] H
aed pepp " Lwed prePs] [aleA pTO*QePZ;FOO:QQ pN 0 }
e
+
(1—=A)

We will show that this upper bound on the error term converges to 0 as N,T — oc.
Given n > 0, choose Ty such that A0 < 7. Also, let Ny € N be such that for N > Ny,
ey < 1, and each of the summations inside the brackets is also less than 7. (Tj is a fixed

number given 7.) Then, for N > Ny and T > Ty,

Ui ¢ To—1
T) < ——+ —— AT
BN(S,T)_l_)\+1_>\{7]+)\77+ + A n}+

cn__ . 2c+1
P R TEYER

Since n > 0 was arbitrary, we conclude that the error term can be made arbitrarily small for
sufficiently large N and T'. Thus, By(s;T) — 0 as N, T — oc.

This completes the proof. n

In Corollary 3.5.5, we found the difference between the true value of a policy and its

approximation that the algorithm computes. Our next corollary states that as N and T are
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increased, that is, more states are included and more iterations of successive approximation
are performed in the policy evaluation step, the algorithm asymptotically recovers the true
value of the policy. While this result is not used later, it is of independent interest as it

establishes that 9%V (-, T') actually estimates the true value function.

Corollary 3.5.9. For any policy o and state s € S, 97V (s;T) — v°(s) as N,T — oo.

Proof. As shown in the proof of Lemma 3.5.8, we have

Ae(l+...+ A7)

En(s;0,T) < By(s;T) + T

EN-

Since the right hand of the above inequality converges to zero, it follows that so does

En(s;0,T). This, combined with Corollary 3.5.5, completes the proof. O

In Section 3.4, we noted that each step of the algorithm requires finite computation and
memory. At first glance, however, it appears that Step 2 of the algorithm may get caught
in an infinite loop if condition (3.13) is not satisfied for any N and 7. Our next lemma
proves that this loop must terminate if the current policy is not optimal. For notational

convenience, we will denote 'y"k(-, -) and 'y"k;N(-, ) by A%(-,-) and 4% (., ) respectively.

Lemma 3.5.10. In iteration k, Step 2 of the algorithm terminates finitely if and only if the

policy o* is not optimall.

Proof. Suppose a policy o is not optimal. Then, by Lemma 3.5.2, there is a state-action
pair (3,a) for which —e = 7*(5,a) < 0. Since §(5,a, N,T) — 0 as N,T — oo, there exist
integers Ny > 5 and T} such that for all T > Ty and N > Ny, we have 6(5,a, N,T) < ¢/2.
This implies that
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Now, for any N and T, and any state-action pair (s,a) with s < N, we have that

‘Wk’N(Sa a; T)’ < ’ ( sup E, [c(s,a,s") + )\vk;N(s’; T)]) — vk;N(s; T)‘ +en

pEPY

sup By [e(s, 0. ') + AN (s T+ [05 (5, 7)| + ex

pEPY
<eq cA n c np 2c N
I NI TN T T
2
— "V (s,a;T) < CA +en. (3.31)

Since Y B(s) < oo, it follows that 5(s) — 0 as s — co. Also, €y approaches zero as N — oc.
seS
Thus, there exists an s; > 5 and an integer Ny > § such that for all s > s; and N > N,

9 (1255 + e ) < 5606) (332

Then, it follows from Equations (3.30), (3.31) and (3.32) that for all N > max{sy, N1, Na},
T>T, and s; <s <N,

80N sat) < 8 (125 e ) < 560

— BN (s.aT) > ~26() 2 BENVEaT).

Thus, the maximum improvement in Step 2(d) of the algorithm must occur in a state s < sy,

and we have,

ﬁ(sk’N(T))fyk’N(T) = min ﬁ(s)fyk’N(s,a;T) = min B(s)y kN(s,a;T)

s<N, acA s<s1, acA
< BN (5,a:T)
B(5 o
— 1) < P ),

where B = min{f3(s) : s < s1}.

Now, let N3, Ty be such that for all N > Ny and T' > Ty, §(5,a, N, T) < € 3(5)/(B+5(3)).
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Then, it follows that for N > max{s;, Ny, No, N3} and T' > max{T},T>},

AN (T) < BS)V’“N(E, a;T) < ﬁl(j) {7’“(57 a) +0(5,a, N, T)}
_ BS){ _€+5‘(§7a,N,T)}
§ 5;;){ e Bi<2>(§>€} e i@{ 14 Bﬁ<;>(§)}
— _%(;()g) < —6(8,a,N,T)

Thus, for all N > max{s;, N1, No, N3} and T" > max{T}, T2}, condition (3.13) is satisfied,
and Step 2 of the algorithm terminates finitely.

Conversely, suppose Step 2 of the algorithm terminates for some N = N(k), T' = T'(k).
Then,

FENE (T (k) = FNB (55 ok T (k) < —5(s*, a¥, N(k), T(k))

s AH(s*, k) < APV (S aF T(R)) + 3(sF, ab, N (k), T(K)) < 0.

This implies, by Lemma 3.5.2, that the policy ¢* is not optimal. O

We point out here that if the algorithm does find an optimal policy ¢* in some iteration,
then the inner loop in Step 2 of the algorithm does not terminate. As such, our algorithm
cannot tell if it has indeed discovered an optimal policy. This, however, is an inherent feature
of countable-state MDPs and not just a limitation of our algorithm. In particular, given a
policy o, it is not possible to check with finite computations if the policy is optimal, and
this subtle issue persists as in the previous chapter and in [22, 30]. Note also that if o* is
optimal, the algorithm does not proceed further and thus only generates a finite number of
policies. In that case, for notational convenience, we interpret that the sequence of policies

o' is still infinite, with o = o* for all t > k.
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We now proceed to study the values of the sequence of policies generated by the algorithm.
The following sequence of results proves that the policies generated by our algorithm are
strictly non-increasing in value. Unlike similar results in the previous chapter and [22, 30],
we are no longer able to prove this result by examining the difference of the subsequent value
functions. Instead, we use the properties of the robust evaluation operator. Recall that V'
was defined as the space of all bounded functions on &, and it is a Banach space in the

supremum norm. The evaluation operator L7 for a policy ¢ was defined as

L7 (u)(s) = sup Eyle(s, o(s), s) + Au(s)].
peEP?
L7 is clearly a monotone operator, i.e., u < v = L7(u) < L7(v). The following lemma
is a simple consequence of Theorem 3 in [28], and we include it here for completeness. The

proof is very similar to that of the original theorem and is omitted.

Lemma 3.5.11. For any fixed stationary policy o, its evaluation operator L7 is a contraction

mapping on V.

Since the value function v* is the fixed point of the operator £°, it follows that for any
ueV, (ﬁ"k)”u — o* uniformly as n — co. Now, suppose a policy o is not optimal. Let u
be a new policy obtained by updating ¢ in a single state with an action which gives strict
reduction in cost. The following lemma shows that p must be strictly better than ¢ in value.
We point out that the result seems intuitively true, but the proof is not straightforward due

to the implicit, nonlinear nature of the robust Bellman equations.

Lemma 3.5.12. Let o and u be two stationary policies which satisfy the following: 77 (s,a) <
0, and pu(s) = a # o(3); p(s) = o(s) for all s # 5. Then, v'(s) < v7(s) for all s € S, and

vh(5) < v7(8) +v7(5,a) < v(s).

Proof. Recall from Equation (3.16) that the improvement is defined as

77 (8,a) = sup (EP[C<§,C_I, s') + )w"(s')]) —v7(5) < 0.
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Let v° = v7 and define functions v™ = L (v~ 1) = (L£#)"(v7) for n = 1,2,... . Then, since

1(s) = a, we have

vL(5) = LF(v7)(5) = sup (Ep[c(g, a,s) + )\v"(s’)]) = v7(3) +7°(5,a) < v’ (3).

pEPY

Further, for s # 5, u(s) = o(s). So we have

v'(s) = sup <Ep[c(s,u(s),s') - )w"(s’)]) = sup <Ep[c(s,a(s),s’) + )\v"(s’)]) =v7(s).
PEPY pePY
Thus, v! < v?. Since £# is a monotone operator, we have that v? = LA(vl) < LH(v7) =
v! < 7. Repeating this process gives that v = LA (v" 1) = (L#)"(v7) < v7 for all n. Then,
taking limits as n — oo, we have that v* < 0.
By the same argument, we also have v#(s) < v!(s) for all s € S. In particular, v#(5) <

v1(5) = v7(5) +77(5,a) < v?(5). This completes the proof. O

Our algorithm updates the policies in a similar manner as described in the previous
lemma, except that it uses the approximate improvement to determine an improving state-
action pair in each iteration. Even so, the adaptive choice of N and T ensures that the true
values of the policies generated by the algorithm improve in each iteration. The following

corollary establishes this.

Corollary 3.5.13. If a policy o* is not optimal, then v*1(s) < v*(s) for all states s € S,

with v*T1(s%) < vk (sP) + A (sF, ak) < vF(sF).

Proof. Suppose a policy ¢” is not optimal. Then, by Lemma 3.5.10, Step 2 of the algorithm
terminates finitely for some N = N(k), T'= T'(k) and

TH(sF, aF) < APNB (5, b T(R)) + 5(s5, o, N(k), T(k)) < 0.

Also, o*T1(s*) = a* and o*"1(s) = o*(s) for all s # s*. Thus, by Lemma 3.5.12, v*™(s) <

vF(s) for all s € S, and vFFH(sF) < vF(s%) + F(sF, ak) < vF(sF). O
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The policy update scheme ensures that every non-optimal policy generated by the algo-
rithm is strictly better than the previous one. The following result states that once a policy

has been found to be non-optimal, the algorithm never generates it again.

Corollary 3.5.14. The algorithm does not repeat any non-optimal policy o".

Proof. Let o be any non-optimal policy. Suppose there exists j > k such that o/ = o*.

Then, v* = v/. But from Corollary 3.5.13, we know that

ngvj_lg...<vk.

Then all the inequalities above must be equalities, which is a contradiction to Corollary

k+1 k

3.5.13, since v* and v**! differ strictly in at least one state as o* is not optimal. Hence, no

two non-optimal policies generated by the algorithm can be identical. O]

Recall that we are minimizing > S(s)v(s). In exact policy iteration, iteration k& would
update the policy in some state 5* i;ich an action a* which gives the largest improvement in
the weighted value function S(-)v*(-) across all state-action pairs. As the algorithm goes on,
the value functions would approach optimality leaving less and less room for improvement,
and the amount of cost-reduction 3(5%)y*(5*,a*) would shrink to zero. Our algorithm also
looks for the largest improvement, but only among states s < N (k) and uses the approximate
improvement function 4%N®) (. .. T(k)) to do so. As such, our update may not be the best
possible across all states in S. Nonetheless, the true weighted improvement for (s*, a*) still

vanishes asymptotically. This is established in the next lemma.
Lemma 3.5.15. The weighted improvement B(s¥)y*(s*,a*) — 0 as k — oo.

Proof. Define f* = " B(s)v*(s). Then, 0 < f* < oo for all k. By Corollary 3.5.13, we

sES
have that f**1 < f* 4+ B(s*)v*(s*, a*) < f* for all k. This implies that the sequence f*
converges. Further, f*1 — f& < B(s*)v*(s*, a*) < 0 for all k. Taking limits as k — oo gives

that B(s*)y*(s*, a*) — 0. O
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In iteration k, our approximate algorithm includes the first N (k) states from S and
performs T'(k) steps of successive approximation. Our next lemma establishes two things.
First, N(k) — oo as k — oco. That is, the algorithm asymptotically includes all of S. Second,
T(k) — oo as k — oo, which implies that the approximate policy evaluation step becomes
exact at infinity. We also point out that this is the only place where we use the fact that the

algorithm always sets IV and 7" equal to each other.
Lemma 3.5.16. N(k) — oo and T'(k) — oo as k — oo.

Proof. We will first prove that N(k) — oo, and the idea of the proof is similar to Lemma
3.5.7 in [22].

The lemma holds trivially if o* is optimal for any k; hence we assume that this is not the
case. So the algorithm produces an infinite sequence of distinct policies o*.

Now, first suppose that N (k) /4 oo as k — oco. Then, there exists an integer M such that
N(k) = M for infinitely many k. In particular, let 7 be a subsequence such that N(ry) = M
for all k. Then, the policies ¢ differ only in states s < M. Since A is finite, there are only
finitely many distinct policies of this kind. In particular, this implies that there are policies

o'k

= o' for ry # r;. This is a contradiction, as we have from Corollary 3.5.14 that the
algorithm does not repeat any non-optimal policy. Hence, we must have N (k) — oc.
Finally, since our algorithm varies N and T so that they are always equal, we conclude

that as k — oo, T'(k) — oo as well. This completes the proof. O

Finally, we proceed to prove our main theorem, which establishes that the value functions
of the sequence of policies generated by our algorithm converge to the optimal value in the

[S-norm.

Theorem 3.5.17. Let v*(-) denote the optimal value function of the robust countable-state

MDP. Then,

lW*lls = [lv*lls as & — oo.



63

Proof. The theorem is trivially true if o* is optimal for some k. So let us assume that this is
not the case. Then, from Corollary 3.5.14, we know that the algorithm generates an infinite

sequence of distinct policies.

We first claim that there exists a subsequence r; such that s — oo as j — oo. We will
prove this by contradiction. Suppose there exists an N such that s* < N for all k. Then,
the algorithm updates the policy only in states s < N and keeps all actions in states s > N
fixed. Since A is finite, there are only finitely many distinct policies that the algorithm can

find, which is a contradiction.

Now, let F denote the set of all stationary policies, i.e., F = [[ A. The product topology
on F is metrizable, and let p denote a corresponding metric onS??". Then, F is sequentially
compact with respect to p by Tychonoft’s theorem. Therefore, the sequence ¢’/ has a con-
vergent subsequence o'. Denote the limit of this sequence by . Further, the value functions
vh lie in the set V.={v eV :0 <w(s) <¢/(1— ) for all s € S}, which is also compact in

the product topology by Tychonoft’s theorem. Thus, there is a convergent subsequence v"i

of v%. Let 0 be the limit of this sequence. Note that ¢% also converges to 7.

We now show that v is the value of 6. Fix a state s € §. For any j,

vU(s) — sup E,[c(s,0%(s),s") + A" (s")] = 0. (3.33)

uj
pEPY

Convergence in the product topology gives us that 0% (s) — &(s) in A as j — oo. Since
A is finite, there exists a number J;(s) and an action a(s) such that for all j > Ji(s),

0" (s) = a(s). Then, for j > Ji(s), we rewrite (3.33) as

v (s) — sup Ep[c(s,a(s),s’) + v (s)] = 0. (3.34)

pefpg(s)
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Let A be defined as

A=19(s)— sup E,lc(s,a(s),s) + \o(s)]. (3.35)

pePS(S)

We must show that A = 0. For any fixed p € P and J > Ji(s),

v (s) = sup Epc(s,a(s),s’) + A" (s)]
pEPg(S)

> E,lc(s,a(s),s) + M (s)]

= lim 0" (s) > lim E,[c(s, a(s),s") + A" ()],

j—00 j—00

— @(3) > EP[C<S7 a(s)v 3/) + /\{)(S,)]’

where we have used the Dominated Convergence theorem on the right hand side of the last

inequality. Since the above is true for all p € Ps (S), it follows that

0(s) > sup Eyle(s,a(s),s) + Ao(s')] = A>0.
pep®

We need to further prove that this inequality cannot be strict. For this, consider an

arbitrary € > 0. For j > Ji(s),

A=10(s)— sup E,lc(s,a(s),s) +Mo(s")] —v"(s)+ sup E,[c(s,a(s),s’) + " (s)].
pefpg(s) pepg(5>

For each j, let p/ € Ps ) be such that

sup E,lc(s,a(s),s") + 2" (s")] < Epilc(s,a(s),s’) + A" (s')] +e.
pepg(5>
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Then,

A<9(s) — Eyie(s,a(s),s) + Ao(s")] — v (s) + Epic(s, a(s), s") + A" (s')] + €

0(s) — v (s) + AE,[v" (s") — o(s")] + €.

For any n € N, we can write

A<0(s) =v"(s) + e+ AE; [v"(s') — 3(s")] + AE; [v"/(s") — 0(s")]
< 0(s) —v"(s) + e+ AE; [v"(s') — 0(s)] + 12i)\/\ M, (s,a(s)).

Since P2 satisfies Assumption 3.5.1, there exists an integer ng > s such that M, (s, a(s)) <
e. Further, once ng is fixed, we know that v"i (+) converges to o(+) uniformly on {1,2,...,n9} C
S. Then, choose an integer Jo(s) > Ji(s) such that [v"i (s") — 9(s")| < € for all j > Jy(s) for
all s € {1,2,...,n0}. Thus, for j > J5(s),

2c
A§€+€—|—)\Ep%[€]+1

A 2c\e 2cA
< —_— = .
>\€_€+€—|—)\€—|—1_/\ e(2+)\+1_/\)

Since € > 0 was arbitrary and A was already shown to be nonnegative, we conclude that

A = 0. Thus, the limiting value function o(-) is in fact the value of the limiting policy &.

We now show by contradiction that the limiting policy must be optimal. Suppose 7 is

not optimal. Then, by Lemma 3.5.2, there exists a state-action pair (s,a) such that

0<e = 0(s) — sup Eyle(s,a,s') + \o(s)].
pePS

Again, for any j, let p’(-|s,a) € P? be such that

sup E,lc(s, a, s') + A" (s')] < Epile(s, a, s") + A" (s')] + €/5.
pePS
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Then,

e —v"(s) + sup Eyc(s, a, ") + A" (s')]
pEPY

= (s) — sup Byle(s, a, 8") + (")) — v (s) + sup Byle(s, 0, 8') + ™ (s)]
pEPE pePZ

(s) — Eyile(s,a,8) + \o(s')] — v (s) + Epe(s, a,8') + M (s)] +¢/5
= (0(s) —v"(s)) + AE, [v"(s") — 0(s')] + €/5

= (0(s) =v"(s)) + AE,; [v* (s') — 0(s)] + AE; [v*(s") — 0(s')] + €/b

(VAN
(41

< (3(5) — 09 () + MByy (") — 5] + e By 1]+ ¢/
< (i(s) — 1" (s)) + AE,, [o" () — ()] + 123 M (s,a) + ¢/ (3.36)

for any integer n. Choose n > s so that 2¢AM,,(s,a)/(1 — X) < €/5. Choose J3(s) so that
[0 (s") —v(s')| < €/5 for all 7 > J3(s) and for all s < n. For such j, the expression (3.36)
can be bounded above by 4¢/5. Thus,

e — v (s)+ sup E,[c(s, a,s") + M (s")] < 4de/b = €/5 < v (s) — sup E,[c(s,a,s") + A" (s')].
pEPY peEPY

By Lemma 3.5.16, N(u;) can be made arbitrarily large as j — oo. In particular, there

exists Jy(s) > J3(s) such that for all j > Jy(s), we must have N(u;) > s. Then,

€/5 < v (s) — sup E,lc(s, a,s") + A" (s')]
pePS

= —" (S’ CL)
< —7“j’N(“f)(s,a,T(uj)) + (s, a, N(uj), T(u;)) V7> Ja(s). (3.37)

Since N(u;),T(u;) — oo as j — oo, the second term vanishes asymptotically by Lemma

3.5.8. We show that the limit-superior of the first term must also be non-positive.

Recall that in iteration k, the policy is updated in state s* by choosing action a* to give the
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largest weighted improvement. Thus, 5(s% )% N W) (5% a% T(u;)) < B(s)y4 N W) (s, a, T(uj)).

Therefore,

—B(s)y N (s, T(uz)) < —B(s")y" N (59, 0%, T (uy))

—B(s")y" (5", a") + B(s")d(s", a", N (uy), T (uy)).

IN

The two terms asymptotically vanish by Lemmas 3.5.15 and 3.5.8 respectively. Thus, the
sequence —(3(s)y%N () (54 q% T(u;)) is dominated by a sequence which converges to zero.
Since S(s) > 0, we conclude that lim sup(—y@s N Wi (s%i ¥ T(wy))) < 0.

This yields a contradiction to (3]§7O;, and we conclude that the policy ¢ must be optimal,
and its value v is the optimal value function, that is, v = v*.

Note that so far we have only established point-wise subsequential convergence of the
value functions. However, for each state s € &, we have from Lemma 3.5.12 that the
sequence v*(s) is a monotonically decreasing non-negative sequence of real numbers; hence

it must be convergent. This proves that v*(s) — v*(s) as k — oo for every s € S. Finally,

we invoke the Dominated Convergence Theorem once again to conclude that

D Bs)(s) = > Bls)v*(s) Le. [vF]ls = [[v*]ls as k — oo

seS seES

This completes the proof. O

Our next result proves that the sequence of policies generated by the algorithm reaches
arbitrarily close to an optimal policy as & — oo. The proof is identical to [22], but we still

include it here for completeness.

Theorem 3.5.18 (Policy Convergence). For any € > 0, there exists an iteration counter k.

such that p(c*, o**) < € for some optimal policy o**, for all k > k.. In fact, if the MDP has

a unique optimal policy o*, then lim of = o*. Further, for every period n, there exists an

k—o0
iteration counter K, such that for all k > K,, actions o*(s) are optimal for all states s < n.
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Proof. We prove the first claim by contradiction. Suppose this is not true. Then, there
exists an € > 0 and a subsequence o of o such that p(c*, o) > € for all optimal policies
o, for all & € N. Since the space of all policies F is compact, the sequence ¢“* has a
convergent subsequence o', whose limit is, say, 6. Then, there exists an integer K such
that p(c',c) < e for all K > K. Further, as in the proof of Theorem 3.5.17, & must be an

optimal policy. This leads to a contradiction. Hence, the first claim is true.

Further, suppose that ¢* is the unique optimal policy. Then as shown already, for every
€ > 0, there exists an integer k., such that p(c*,0*) < € for all k > k.. This implies that
k

lim o® = o*.

k00

Now, for the third claim, we note that the result is trivially true if o* is optimal for some
k. When this is not the case, we first claim that given € > 0 and any state n, there exists an
iteration counter K, such that for all k > K,, |o*(s) — o**(s)| < ¢, for all s < n, for some
optimal policy o**. Suppose this is not true. Then, there exists a subsequence uy, and for
each k, a state s < n such that [0"#(s;) — 0*(si)| > € for all k, for all optimal policies o*.

But wu, has a further subsequence t;, such that o converges to an optimal policy ¢ as in the

proof of Theorem 3.5.17. This leads to a contradiction.

Now, fix 0 < € < 1 and a state n, and consider any iteration £k > K,. Fix a state
s < n. Then, |o*(s) — c**(s)| < € for some optimal action o* (s). Since ¢ < 1 and
ok (s), 0" (s) € A={1,2,..., A}, it follows that o*(s) = o**(s). This proves that all actions

up to state n are optimal for policies o* with k > K,,. O

3.6 Examples

In Section 3.5, we briefly discussed the choice of uncertainty sets and the properties they
must satisfy in order that the proposed algorithm be implementable and convergent. In this
section, we provide some examples that fall within our robust MDP framework. We explain
the intuition behind how appropriate uncertainty sets may be chosen, and demonstrate that

these sets naturally have the desirable properties.
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3.6.1 Interval uncertainty

In the first example, we show that our proposed method can be used to solve any robust
MDP with interval uncertainty sets for the transition probabilities. These sets are commonly

used in the robust optimization literature; see Chapter 14 of [9] for details.

Consider an instance where a decision-making agent obtains statistical estimates of each
component of the transition probabilities. Confidence bounds on these estimates lead to the
formulation of interval uncertainty sets, where each component p(s'|s, a) of the pmf is known
to lie between some bounds [?(s") and u?(s"). More precisely,

P ={p(-) € M(S) : 15(s') < p(s'|s,a) <ul(s) Vs €S} (3.38)

S
Without loss of generality, let 0 < [%(s") < u?(s’) <1 for all s € S. For P? to be non-empty,
we must also have Y [%(s) <1< > uf(s). In fact, we can assume that these inequalities
s'eS s'eS
are strict so that P is not a singleton. Suppose, in addition, that >  u?(s’) < oo. This

S
s'eS
ensures that the uncertainty sets satisfy Assumption 3.5.1, since

M(sa—sup Z s's,a) < Zu?(s')%O as N — 0.

$ >N s'>N

A special feature of these uncertainty sets is that the inner problem can be solved in closed
form. In fact, any linear objective function ) a(s’)p(s’) in which the coefficients are of fixed
sign and only finitely many of them are nonzgfo, can be maximized in closed form over these
sets. The proof for the case with all nonnegative coefficients is given below. A similar logic

can be used when the coefficients are non-positive. We also derived a similar result in the

context of a (finite-dimensional) healthcare application in [40].
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Consider the LP

Suppose a(s’) > 0 for all s'. Sort and re-index the non-zero coefficients (if necessary) so that
a(l) > a(2) > ... > a(m) > 0. Then, define the switching-index j as the smallest positive
integer such that > u(s’) + > I(s’) > 1. Such an index exists since > u?(s) > 1. The

s'<j s'>j s'eS
optimal solution is given by

u(s’), s’ <,
pr(s)=q1= 2 uls) = X Us), =}
s'<g s'>j

\1(3,)7 s>

Clearly, the components of p* sum up to 1 and I(s') < p*(¢') < wu(s') for all §" # j.

Moreover, by choice of 7,

D uls) + D 1) <1< uls) + > IS

s'<g s'>j s'<j s'>j

— () < 1= u(s) = Y U(s") <ulj).

s'<j s'>j

Thus, the proposed solution is feasible. Let F'(-) be the objective function. To prove opti-

mality, we show that F'(p*) > F(p) for any feasible solution p. If j > m, we have
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Otherwise,

= 2l ~p) + 3 al)ils) - o)

+al) (1- ;u@') - Z ) -1+ gms'))

=2 lol) —al) () —r(s) + Z 0(s) 2RI ~ ()
+a()( g_<p<s’> ~U(s)) _

. >

Hence, the proposed solution is optimal. This implies that the N-state inner problem can be

solved in closed form, by defining a(s’) = ¢(s, a, s")+Av(s’) > 0 for ¢ < N, and reordering the

coefficients in descending order. Moreover, My(s,a) = sup > p(s') = 1+sup (— > p(s'))
pEPE />N peEPY s'<N

can also be computed in closed form. The same is also true for the LPs which arise in the

computation of the bound &(s,a, N,T). In all these problems, we can choose ey to be

identically zero.

Thus, robust MDPs with interval uncertainty sets for the transition probabilities can be

solved using the proposed method.

3.6.2 Bounded reachability

This example considers a class of problems where the change in state of a system in a single
period is uniformly bounded above by some constant M. That is, if the system transitions
from state s to s’ under some action a, we must have s’ < s + M. Note that the set of all

possible states in any period is still the entire set S.

A particular example of this model is the infinite-horizon inventory management problem
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described in Example 1 of [30], wherein a seller controls the inventory of a single product
with unlimited inventory capacity. The objective is to minimize the total discounted cost.
The state s of the system is defined as the current inventory level and can take any value in
S =1{0,1,2,...}. The seller chooses an order quantity a € A = {0,1,..., M}, where M is
some upper limit on the order quantity in a period. If the demand in a period is ¢ units and
a units of the product are ordered, the inventory level changes from s to s + a — ¢, which is
at most s + a < s+ M. Thus, this problem fits within the framework described above, and

our method applies to a robust bounded-cost variant of the same.

In the nominal case, the bound on state transitions implies that the transition probability
p(+]s, a) for any state-action pair (s,a) is supported on {0, 1,...,s+ M}. Keeping the same
interpretation in mind, the uncertainty sets P¢ are also chosen so that p(s|s,a) = 0 for all

s' > s+ M. We first note that such an uncertainty set always satisfies Assumption 3.5.1, as

Mn(s,a) = sup Z p(s') =0 for all N > s+ M.
PEPS s'>N
In fact, the inner problem also reduces to a finite-dimensional optimization problem, and
can be solved to arbitrary accuracy. Therefore, our uncertainty sets have all the requisite
properties and the proposed policy iteration algorithm can be used. Moreover, we note that

the computation of a uniform bound (s, a, N, T) can also be simplified in this case.
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We have,

/ /
N - - ) = )
My (s,a) = sup E (s'|s,a) = sup E p(s'|s,a) < sup E p(s'|s,a) ¥ a

peEPS peEPY pEPS

s'>N s N<s'<s+a N<s'<s+M
0, N>s+ M,
— Mn(s) < =1{N < s+ M}.
1, N<s+M
/ / /
sup B, [My(s')] = sup Y p(s'|s,a)L{N < s’ + M}
peEPS pePS s'<N
= sup Z (s'|s,a) < sup Z p(s'|s, a)
pEPS s'<N,s+a PEPY s'<N,s+M
N-M<s' N-M<s'
0, min{N,s+ M} <N - M,
< =1{N < s+ 2M}.
1, min{N,s+M}>N-M
Proceeding in this manner gives that
T
By(s:T) < Z NN < s+ tM}. (3.39)

This expression is the same as that obtained in the nominal case for the inventory control
model in [30]. Recall that By(s;T) was used in the recursive computation of the uniform
bound 4 in Lemma 3.5.8. In this model, however, it is easier to compute an upper bound
on § using the right-hand-side of (3.39) instead of By(s;T). This bound also vanishes as N
and T grow, and can be used in place of § in Step 2(e) of the algorithm.

3.6.3  Stochastic equipment replacement

Finally, we provide a specific application which does not fall under the previous two classes of
models. A nominal version of this model is discussed in [21], and an unbounded-cost variant
appears in Section 6.10 of [35].

Consider a stochastic equipment replacement model where the state s € {0,1,2,...}
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denotes the condition of the equipment at the beginning of a time-period. State 0 corresponds
to a new equipment; larger states represent poorer equipment conditions. At the beginning
of each time-period, the decision-maker can either choose to replace the equipment with a
new one (action 0) or keep the existing equipment (action 1). Between two decision epochs,
the condition of the equipment worsens by ¢ > 0 states with probability ¢(i). This leads to

the transition probabilities

p(s']5,0) = q(s'),s" = 0,

0, s’ < s,
p(s'ls, 1) =

The costs in this model are given by

C(S, O) =a+ h(O), 0(87 1) = h<3)>

where a > 0 is the cost of buying a new piece of equipment and h(s) is the cost of operating
an equipment in condition s for one period. It is natural to expect that h(s) is non-decreasing
in s as it should be cheaper to operate an equipment that is in a better condition. Assume
that h(-) is bounded and non-negative as well. For example, h(s) = 1 —exp (—s). Thus, the

immediate costs are bounded between zero and o + 1.

Now, suppose we have some empirical estimate of the distribution ¢(-). It is reasonable
to assume that ¢(7) is non-increasing in i, since the probability to worsen by i + 1 states
should not be larger than the probability of worsening by ¢ states. An example of this would
be if ¢ were a geometric distribution, where (i) = 8%(1 — ), i@ = 0,1,.... In practice,
one would often estimate the parameter 8 instead of the distribution directly. Suppose the

0 <l <wu < 1 represent some lower and upper confidence bounds on the value of 3.
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This gives us the following uncertainty sets.

P ={peM©S):pls)=(1-B)5" ¢ €5 1<f<ul,
Py = {p EM(S):p(s) =08 <s;p(s) =1 =), ¢ >s I<B< u}

Note that each of these sets satisfies Assumption 3.5.1, since Y. p(s') < (1—0Du™ /(1 —u)

s'>N
for all p € P?, and similarly for P!
For any N € § and states s < NV,
Mpy(s,0) = sup Z p(s'|s,0) = sup Z (1-— = sup AV =Nt
p(-[s,0)€PY 4T N Bellul g BE(lu
My (s, 1) sup Zp ‘|Is,1) = sup Z (1—pB)p"* = sup pNTI78 = Vs,
p( ls,1)EPS . SN Bellu] 4T N Be(l,u)

My (s) = max{Mpy(s,0), My(s,1)} = uN+1=2,

Computation of the uniform bound & using Algorithm 3, as well as the solution of the inner
problem, consists of numerically solving problems similar in structure to the following one-

variable nonlinear maximization probLem

max Y a(s)p(s')s,0) max (1-6) T als)p”
s'<N = s’<N
st. peP? st. [ <B<u.

These problems can easily be solved to arbitrary accuracy, and the proposed policy iteration

method can be used to solve the robust MDP.

3.7 Conclusion

An as-is execution of policy iteration on robust MDPs encounters severe hurdles when the
state-space is countable. We used approximation techniques to resolve these challenges

and delivered and algorithm that can be implemented in practice. The policy evaluation
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and improvement steps in the existing method require an infinite amount of computation,
whereas we reduced them to finite systems of equations via a state-space truncation ap-
proach. Additional complications in policy evaluation ensued due to the nonlinearity of the
robust evaluation operator. These were resolved by employing a finite number of successive
approximation steps to compute an approximate value function. Further, exact solutions to
the inner problems might not always be available, and our method accounted for the errors
arising from their numerical solution to some nonzero accuracy. These ideas led to an ap-
proximate policy iteration algorithm where each step requires a finite amount of memory and
computation. This algorithm generates a sequence of policies and computes their approxi-
mate values. Although the true values of these policies are unknown, the method guarantees
that they improve in each iteration. We proved that the proposed algorithm converges in
value to the optimal value function, and the policies generated converge subsequentially to
an optimal policy. We also provided three examples which fall within our framework —
robust MDPs with interval uncertainty sets, robust MDPs where the change in state in a
single period is bounded, and a robust equipment replacement probLem We showed that
these models possess the desired properties that render approximate policy iteration a viable
algorithm.

A natural direction for future research would be to extend our policy iteration algorithm
to the case where immediate cost functions are allowed to be unbounded. This is not straight-
forward, primarily because the theory of countable-state robust MDPs is currently available
only for the bounded-cost case [28]. As such, any algorithmic work would first require an
extension of the theory in Section 6.10 of Puterman [35] to the robust setting, including the
optimality of the robust Bellman equations and the existence of optimal solutions. These

results are developed in the next chapter.
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Chapter 4

ROBUST COUNTABLE-STATE MARKOV DECISION
PROCESSES WITH UNBOUNDED COSTS

4.1 Introduction

In the previous chapter, we assumed that the immediate cost function ¢(s, a, s’) was uniformly
bounded. This greatly simplified the calculations within the proofs, in addition to ensuring
convergence of various infinite sums and expectations that arise therein. More importantly,
it allowed us to invoke the existing theory for robust MDPs and restrict our attention to
algorithm development. In many applications, however, a naturally arising cost function
violates this assumption. Thus, we widen the scope in this chapter to allow for more general
cost functions similar to those considered in [30] and Section 6.10 of [35].

The ultimate objective is to develop a practical convergent method for solving robust
unbounded-cost MDPs, but the first hurdle in this case arises from the fact that a theoretical
treatment of this class of MDPs is not available in the literature. Hence, in this chapter,
we develop a theoretical framework for robust countable-state MDPs with unbounded cost
functions. We establish the optimality of the robust Bellman equations. We show that the
robust Bellman operator is a J-step contraction mapping on an appropriately defined Banach

space, thus guaranteeing the existence and uniqueness of an optimal value function.

4.2 Problem Setup

Consider an infinite-horizon MDP with decision-epochs t = 0,1,2,.... The state-space
S = {1,2,...,} is assumed to be countable, while the action-set A(s) = {1,2,..., A} is
discrete (finite or countably infinite). At the start of period ¢, the system occupies a state

s € §. A decision-making agent observes this state and chooses an action a € A(s). Then,
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at the end of the period, the system transitions to a state s’ € S with probability p(s'|s, a).
This transition incurs a cost ¢(s, a,s’) discounted by a factor ', where A € (0,1) is a fixed
parameter. A decision rule is a function which assigns an action to every state in S, while a
policy 0 = (dy,ds, . ..) is a function prescribing a decision rule d; for every period ¢. Let II be
the collection of all admissible policies. The agent aims to find a policy in II that minimizes

the expected total discounted cost over the entire horizon.

As in the previous chapters, the nominal setup described above assumes that transi-
tion probability p(+|s,a) for any state-action pair (s, a) is a model parameter known to the
decision-maker. In practice, these probabilities are estimated statistically, allowing for esti-
mation errors to affect the choice of optimal policy. The robust approach seeks to immunize
the decision-maker against these errors by assuming that the transition probabilities are am-
biguous. Let M(S) be the set of all probability mass functions (pmfs) on S. We assume that
for each state-action pair (s, a), the pmf p(:|s, a) is only known to lie in an uncertainty set
P¢ C M(S) comprising plausible choices for the true transition probabilities. Given these

sets, the set of transition probabilities consistent with a fixed decision-rule d is
T — {p S — M(S): Vs € S,p(s) £ p(-]s,d(s)) € Psd(s)}.

Following the rectangularity assumption in [28], we also assume that for a policy o =
(dy,ds, . ..), the set of probability distributions consistent with o is given by 77 = {7 =
(P1,P2,---) : Pt € T%}. In the robust variant, the decision-maker follows a conservative
approach and tries to minimize the worst-case expected total discounted cost. This amounts

to solving the following optimization problem.

o€ll re7o

v*(s) = inf sup ET[ZAtc(st,dt(st),stH)], s€S. (4.1)
=0

In the previous chapter, we assumed that the immediate costs ¢(s, a, s") were uniformly

bounded for all s,s" € S and a € A(s). Here, we drop this assumption to allow for more
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general cost functions that occur naturally in many applications. In particular, the costs are
allowed to be unbounded, provided their growth with s’ is sufficiently slow. This is made
precise with the following assumptions on the behavior of the cost function. For a fixed
state-action pair (s,a) and pmf p(-|s,a), let E,[u(s")] be the expected value (or weighted
average) of any function u defined on S. That is, E,[u(s")] = > p(s'|s,a)u(s’). We suppress
the (s, a)-dependence in this notation since it is implied byS/ce(fntext. Let w be a (known)

function on S such that in£ w(s) > 0, and the following properties are satisfied.
sE

Assumption 4.2.1. There exists a constant u < oo such that

sup sup |E,[c(s,a,s)]| < pw(s), forallseS. (4.2)

acA(s) peP¢

Assumption 4.2.2. There exists a constant k, 0 < k < 00, for which

sup Zp(s/|5, a)w(s') < kw(s) foralls € S,a € A(s). (4.3)
pePs s'eS

Assumption 4.2.3. There exists a constant o, 0 < o < 1 and an integer J such that

MY P s)w(s) < aw(s) (4.4)
s'eS
J
for all 0 = (dy,...,dy) and Pl = [] pa,, where d; is an admissible decision-rule and
j=1

pdjEde,f0T1§j§J.

Assumption 4.2.1 states that starting in state s and for any choice of action a, the worst-
case expected cost occurred in a single-period transition is at most pw(s). On the other
hand, Assumptions 4.2.2 and 4.2.3 ascertain that the function w itself has some desirable
behavior. Non-robust versions of these assumptions are standard in the unbounded-cost
MDP literature. See [30] and [35] for a detailed discussion and for examples of cost functions

¢ such that the assumptions are satisfied by a suitably chosen w. A theoretical framework for
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unbounded cost robust MDPs is not available in the literature, and we proceed to develop

the same in the next section.

4.3 Theoretical Results

The robust Bellman equations are given by

v(s) = inf sup E,[c(s,a,s")+ Mv(s)], forallseS. (4.5)

a€A(s) pePa
In this section, we establish that a unique solution to (4.5) always exists, and that this
solution must be the optimal value function v* for the robust MDP defined in Section 4.2.
Additionally, we prove that solving a sequence of finite-state approximate MDPs to optimal-

ity, asymptotically recovers the optimal value function.

For any function v on S, define the w-norm of v as ||v||, = sup |v(s)|/w(s). This is a
well-defined norm since w is a positive function bounded away fr;rerf zero. Let V, be the set
of all functions on & whose w-norm is finite. It is easy to see that V,, is a Banach space
under the w-norm. The following lemma shows that the value function for every policy in II

lies in V.

Lemma 4.3.1 (Norm bounds). For each o € Il and s € S, we have

1

g <
0°(s)] < 2

[1+ A6+ .. 4 ()T Huw(s). (4.6)

Further, |v7 |l < £ [14+ A+ ...+ (Ar)7H].
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Proof. Fix a policy ¢ and state sg. Then,

v7(80) = sup (Er[iAtc(st,dt(st)ﬁtﬂ)])

TET® —0

o0

sup (ET [ Ne(se, di(se), 5t+1)]> )

TET —0

< sup (ET [ f: N e(sq, di(s0), st+1)|} )

TET®

= [v%(s0)| =

For any n and given a 7 € T, let 7" denote transition probabilities starting from period n,

that is, 7" = (P, Pnt1, - --) and 77 = {7" = (Pn, Pns1,--.) : Pt € T*}.
Then,

TETC

[v7(s0)| < sup (ET[Z)\t’C(Stgdt(st)7St+1)”>

= sup <Ep1,71[i)\t|0(8t7dt(8t),3t+1)”>

(p1,72) t=0
ETUXTY

= sup (Ep1,71[|C(307d0(50>a81)|+Z)‘t|c(stadt<st)7st+1>|]>

(p1,72) t=1
ETUXTY

= sup (Eplﬂc(so,do(so),sl)]+ETz[Z)\t|c(st,dt(st),st+1)|H>,

(p1,72) t=1
ETUXTY

where the last equality holds since the term |c(sg,do(sg),s1)| does not depend on 7!. Tt
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follows that

(sl < s (B fleoo.dolso)o )]+ sup (Era[ 3 Mietoroah(o0). 1) )])

p1€T% T2€TY

< sup (Ep,[Jeso, dofso),s1)]] ) + sup (Ep, [ sup (ETQ[imc(st,dt(st),stmu)})

p1ET4 2Ty

= sup <Ep1[|c(307d0(30)731)”) + sup (Er[i)‘t|c(3tadt(3t)7St+1)”>

p1ET% TET?

< pw(sg) + sup <ET[Z Ne(se, di(se), 5t+1)”>-

TET®

In the second inequality, we used the fact that sup(f+g) < sup(f)+sup(g) for any functions
f and g. The last inequality follows from Assumption 4.2.1. Using a similar argument as

above, we have that

0 (s0)| S pwso) + sup (B Plelsr.di(s1).s2)| + 3 Nlesr, di(s1), )]

ATy
< pw(so) + A sup (E(p1,p2) [|C(517d1(81),52)”> + Su7p (ET[Z)\t|C(St7dt(8t)7 St+1)”>-
Eiac e

Then, for any p; € 7% and py € T%,

E(phpz) [‘0(817 dy (51)7 82)” - Ep1 [Epz [|C(81, d1(81)7 S2>|”
< Epl [Mw<51)]

< pkw(so).
Therefore,

|07 (s0)| < [l + AkJw(sg) + sup <ET[Z N e(st, di(st), 3t+1)”>-

TET®
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Repeating this process J times gives

TET

[07(s0)] < p[1 + (Ak) + (Ak)""Hw(so) + sup (ET[Z Ne(se, di(se), 3t+1)”>
= p[l + (Ak) + (Ax)” Hw(sg)+

sup <ET[/\J]c(5J,dJ(SJ),SJ+1)| + Z )\t\c(st,dt(st),stﬂ)\})

TET® t—J11

< pll+ (k) + (&) Hw(sg) + A sup

(P1,--PJ+1)
€T x.. . xT4I+1

+ sup (ET[ i /\t|c(st,dt(st),st+1)|}>.

TET® t=J+1

Again, for any (pi,...,Ps41) € TH x ... x T+t

Therefore,

107 (s0)] < p[1 4+ (M) + (Ax)’ " Hw(se) + apw(sy) + Su7p E,| Z N c(st, di(st), st+1)”>.
Tere t=J+1

Repeating the above arguments for every group of J terms gives us that

107 (s0)| < [1+ A+ ... 4+ (&) Hpw(se) + afl + X6+ ...+ (A&) Hpaw(sy)

+ Q21+ M4+ (k) Hpaw(se) + . ..
__H
-«

= [v%||w < %[1 X+ ()Y

[1+ X+ ...+ (A6) Hw(so)

This completes the proof.
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Define the robust Bellman operator £ on V,, as

L(u)(s) = inf sup E,c(s,a,s") + Iu(s")] for all u € V,,. (4.7)

a€A(s) pepe

First, we verify that the operator is well-defined on V,,. For any s € S,

|L(u)(s)| =] inf sup E,[c(s,a,s)+ )\u(s')H

a€A(s) pepe

< sup sup E, (s, a,8) + u(s)]
acA(s) peP?

< sup sup E,[|c(s,a,)|] + AE,[|u(s")]]
acA(s) peEPY

< sup sup E,[|c(s,a,s)|] + AulloEp[w(s')]
acA(s) pePg

< sup (uu(s) + Mullar(s))
acA(s)

= (u+ Asfullw)w(s).
Since this is true for all s € S, it follows that
I£(w)]lw < p+ Akfully < oo.

Thus, £ : V,, — V,, is a well-defined operator. A function v satisfies the Bellman equations
if and only if it is a fixed point of £. The existence (and uniqueness) of such a fixed point is
established in the following theorem. For bounded-cost MDPs, the contraction property of
the robust Bellman operator guarantees that an optimal solution to the Bellman equations
always exists. However, when costs are unbounded, £ is no longer a contraction mapping on
V,. The next theorem shows that £7 is a contraction mapping on V,,, where J was defined

in Assumption 4.2.3. The idea of the proof is similar to [28].

Theorem 4.3.2. Let L be the robust Bellman operator defined in Equation (4.7).
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(a) L7 is a contraction mapping on V,,, that is,

||£J(u) — ﬁJ(v)Hw < allu —vl|w, for all u,v € V.

(b) L has a unique fixed point v in V,,, and

v(s) = inf sup ET[Z Ne(sy, dy(sy), stﬂ)} foralls € S.

oell
TET i—0

Proof. We first prove that £7 is a contraction mapping. Let u and v be any two functions in
Vi, and € be an arbitrary positive number. Fix a state s € S. Suppose £ (u)(s) < L7 (v)(s).
Then,

0 < L7(v)(s) = L7 (u)(s) = LIL7H(v)(s)) = LILT (u)(s)).
By definition of the infimum, there exists an action a(s) € A(s) such that

L(L7(u)(s)) = inf sup E,[c(s,a,s1)+ AL (u)(s1)]

a€A(s) pepe
> sup E, [c(s,a(s), s1) + /\EJ_I(u)(sl)] — €.

pepg(s)

Then,

0 < L7(v)(s) — L (u)(s)

< sup E[c(s,a(s),s1) + ALT 7 (v)(s1)]
pep®

— sup E,[c(s,a(s),s1) + AL () (s1)] + e

pefpg(s)
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Further, there exists a pmf p* € Ps ) such that

sup  E,[c(s,a(s), s1) + ALY (0)(s1)] — € < Epe[c(s, a(s), s1) + AL (v)(s1)].

pepts(®)

Therefore,

0 < L7(v)(s) — L7 (u)(s)
< Ep[c(s,a(s), s1) + ALTH(0)(s1)] + € — Epe[c(s, a(s), s1) + ALTH(w)(s1)] + €

= AE,« [L77 (v)(s1) — L7 () (s1)] + 2e.

Note that we find such an action a(s) for each state s, which defines a decision-rule d;.
Moreover, we can also define p; € T such that p;(s) = p® as defined above. In this new

notation, we have
0 < L7(v)(s) = L7(u)(s) < AEp o) [L77H(v)(51) = L7 (u)(s1)] + 2¢

Repeating the same argument gives us another decision rule d;_; and a transition probability

‘matrix’ py_; € T%-1 such that

L7 w)(s1) = L7 (w)(s1) < ABp, () [L£772(v)(52) = L7 (u)(s2)] + 2¢
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Thus,

0 < £7(0)(s) — L7 (w)(s)
< AEp, 0 [ABp, e [£772(0)(52) — £772(u)(52)] +2¢] + 2¢

= NE(p, p,) [£77(v)(52) — L77(u)(s2)] +2(A + 1)e

< NEwp, 0y 1 [0(57) —u(s)] #2007+ .. 4 1)e

< o = tlhs (N By py s [10(5)] ) + 20077 4+ 4 1)

= flo = ully (A D2 Plsslshuwlss)) + 2077 4.4 e,

sJES

where o = (dy,...,d;) and P/ = p;...p;. Then, by Assumption 4.2.3, it follows that
L7 (v)(s) = L7 (w)(s)] = L7 (v)(s) = L7 (u)(s) < [lv = uflwarw(s) + 207 + ... + De.

A similar argument works by interchanging the roles of u and v above when £7(u)(s) >
L7 (v)(s).

Since € > 0 was arbitrary, we conclude that

1L7(v)(s) — L7 (u)(s)| < ||v — ullw aw(s) forall s €S,

= 1L7(v) = LM ()l < allv - ull.

Thus, £7 is a contraction mapping on V.

For the second part of the theorem, we invoke a generalized version of the Banach con-
traction mapping theorem. The theorem states that an operator 7" on a Banach space X
has a unique fixed point in X, if 7" is a contraction mapping for some n € N. Since £” is a
contraction, £ has a unique fixed point in the Banach space V,,. Let us call that fixed point

v.
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Next, we prove that o(s) must be the optimal value function defined in (4.1). We do so
by comparing v with the value v” of an arbitrary policy o = (dy, ds, ...) € II. Note that for

any state s € § and decision-rule d, we have

L(v)(s)= inf sup Eylc(s,a,s)+M(s)] < sup E,[c(s,d(s),s") + tv(s)].

a€A(s) pepe d(s)

We use this argument repeatedly in the following calculations. Fix a state sqg € S. Also, let

P? denote PI). By definition,

v7(89) = sup ET[Zz\tc(st,dt(st),stH)].

TET® i—0

Moreover,

0(s0) = L(v)(s0)

= inf s E \5
aelﬁ(s) polelgg PO[C(SOaa731)+ U(Sl)]

< sup  E, [c(s,do(s), s1) + AD(s1)]

PoEPSO
< sup E, [c(s, do(s),s1) + )\< sup E,, [c(s1,d1(s1), 52) + )\1’)(82)]”
dg dy
PoEPs P1€Ps;
< sup E, [c(s, do(s),s1) + )x( sup Ep, [c(s1,di(s1), 52) + )\17(32)})].
PoEPL? p1ETH

Recall that p; is a transition probability ‘matrix’ such that p;i(s) = pi(:|s,di(s)). Then,
using the fact that sup(f + g) < sup f + sup g for any functions f and g, it follows that

v(sp) < sup sup E, [Epl [c(s,do(s), 1) + Ac(s1,di(s1), $2) + )\21’)(32)”

poePL0 P1ET™M

= sup  Epypy[c(s, do(s), s1) + Ac(s1, di(s1), s2) + A°0(s2)].
e’(r%gf;')dl
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Repeating this argument n times gives that

7(s0) < sSup Ep,....pn) [Z )\tC(St, di(St), Se41) + >\n+1@(3n+1)}
(Pow-,Pn) t=0
€T x...xTn

< sup Epy,..p.) [Z Ne(s, di(se),si41)] + sup Epy poy [N 0(s011)]

(p01"'7p7l) t=0 (po ----- Pn)
€T x...xTn €T x...xTn

n

= sup ET[Z )\tC(Sn di(s¢), 5t+1)] + sup Ep.....o0) [An+177(3n+1)}

TET? t=0 (P0,--:Pn)
€T x...xTdn

n

< sup ET[ )‘tc<3tadt(5t)73t+1)] + N[5, sup Epo,...pn) [w(5n+1)]'
7’0’
o T e

In particular, for n = J — 1,

J—1
0(so) < sup B[ Y Ne(s,di(si), s101)] + N[0l sup Egpyop, ) [w(s)]
TeT? +=0 (Pos--PJ—1)
eTdox.. . xT-1
J—1
< SU7I_) ET[Z)\tC(St7dt<St)7st+1)] + ||9]|waw(s),
TET? =0

where the last inequality follows from Assumption 4.2.3. In fact, for any positive integer m

and n = mJ — 1, we have

mJ—1
v(s0) < SU71_3 E,| Z Noe(se, di(st), 5041)] + 0]l wa™w(s0).
TETC t=0
Let m — oo to obtain
v(s) < sup ET[Z Ne(se, di(st), se41)] =v7(s) forall s € S.

TET® t=0
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Since the policy o € II was arbitrary, we have
v(sg) < inlf[ v7(sg) forall sg € S. (4.8)
oc

We now justify that this inequality cannot be strict. Given € > 0, we show that there there
exists a policy o such that v(s) > v7(s) — ¢/(1 — A). For any state s, there exists an action

a(s) € A(s) such that

U(s) = L(0)(s) > sup Eplc(s,a(s),s') + Xo(s)] — e

pep®)

We use these actions a(s) to define a decision-rule d : § — A(s), with d(s) = a(s). Further,

define a stationary policy o = (d,d,...) € Il. Fix a state sg € S. Then, by construction,

0(sg) > sup Ep, |c(s,d(s),s1)+ )\T)(sl)} —€

po€T? -

> sup Ep, |c(s,d(s),s1) + )\< sup Ep, [c(s1,d(s1), 52) + A0(s2)] — e)] —€
po€T4 - p1€T4

= sup Ep, |c(s,d(s),s1) + A( sup Ep, [c(s1,d(s1), 52) + )\17(32)]” — (14 Xe
po€T - p1€T4

= sup Egyp) [c(s, d(s),s1) + Ac(s1,d(s1), s2) + )\227(82)} ﬂ — (14 Ne.
(Po,p1
eTaIxTd

-----

> sup Egpy p) [Z Ne(sg, d(sy), St—&—l)}
(pO ~~~~~ pn) =0
eT4x..xT4?
— sup  Ep..pn [/\“+1(—17(Sn+1)] (I+...4+ \")e.
(pO ~~~~~ pn)
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Here, we have used the property that sup(f — g) > sup f — sup g for any functions f and g.

Since —0(Sp+41) < [0(sp41)| < ||0]|ww(Sn+1), it follows that

n

0(s0) = Sup By, | D Nelsiy dlsi), si11)]

(p 7"'7pn) o
eTgx...de =0
X" ol sup Epg,po [0(sni1)] = (14 ... 4+ A")e.
(p07~~~7pn)
ETax..xT4

Once again, for n = mJ — 1, we have

v(sg) > ( sup ) Epo,...pn) [Z Ne(sg,d(st), se41)| — X |[0]lwa™w(s0)] — (1 + ...+ A")e.
671? d XP;"T d =0

Letting m — oo, we have

5(s0) > sup E, [ S Ne(si, d -
v(s0) > 75611797 [; c(st, (St>75t+1>] 1—
Hence,
(s) > v7(s) — ﬁ for all s € S. (4.9)

Thus, there exists a policy ¢ whose value is at most €/(1 — \) greater than v. Since € > 0
was arbitrary, we conclude that © must be equal to the infimum in (4.8). This completes the

proof. O]

As in [28], this theorem leads to two useful corollaries. The first states that the value of a
statioanry policy can be computed using a robust Bellman evaluation operator. The second
result states that given e > 0, there exists a stationary policy such whose value is at most
e greater than the optimal. Consequently, it is sufficient to solve the MDPs over stationary

policies alone.
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Corollary 4.3.3. (a) Given a decision-rule d, the value of the stationary policy o = (d,d, . ..)
1s given by
v7(s) = sup Eple(s,d(s),s") + 7(s")], forallseS.
peP?
(b) For all € > 0, there exists a decision-rule d and a stationary policy o = (d,d,...) such
that

v*(s) > v7(s) —e.

Proof. The first result follows from Theorem 4.3.2 by choosing A(s) = {d(s)} for all s. The
second result was established in the proof of Theorem 4.3.2; see Equation (4.9) and note

that v = v*. O

Thus, we have established that the optimal value function for a robust MDP with un-
bounded immediate costs can be recovered from the robust Bellman equations. Moreover,
an optimal policy can then be constructed by choosing actions from the argmin set in the
Bellman equations for each state. We expect that the natural methods of policy and value
iteration can be employed here as well, but there convergence behavior remains to be verified.
The standard methods would also encounter implementability issues as in the bounded-cost
case. As such, the eventual goal is to devise a convergent, implementable approximate policy
iteration algorithm akin to the previous chapters, for this class of problems as well. Some
immediate hurdles in this task arise from the fact that all expectations in the technical results
from Chapter 2 relied on the exponential decay of the A\’ terms. This role is now played
by the parameter «, so the expectations have to be dealt with in increments of J. This
further complicates the algorithmic computation of a bound like § that guarantees sufficient
improvement in the policy update step. Nonetheless, developing a practical way of solving

unbounded-cost robust MDPs will be a valuable generalization of this work.
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Chapter 5

A ROBUST MULTI-PERIOD NEWSVENDOR MODEL WITH
INVENTORY-BALANCE CONSTRAINTS

5.1 Introduction

In recent years, robust optimization has steadily gained in popularity as a successful approach
to difficult problems of optimization under uncertainty; an overview of robust optimization
can be found in Ben-Tal et al. [9]. An area that has benefited significantly is inventory
management, and our paper contributes to this stream. We study a generic multiple period
inventory management problem that maximizes profit in a Newsvendor framework with
inventory balance constraints, where sale revenues as well as ordering, holding, and shortage
costs are captured. Our uncertainty sets are generic, but they can be parameterized to form
various uncertainty sets, motivated by probabilistic limit theorems, that have recently gained
popularity. Notably, we are able to derive closed-form solutions for our general problem.
Furthermore, our model can be applied in both a static setting as well as in a dynamic rolling
horizon manner. Our paper is related to four streams of literature: 1) robust inventory cost
minimization, 2) robust newsvendor models, 3) design of robust uncertainty sets, and 4)
dynamic robust optimization. We position our research relative to the most relevant papers

in each of these streams.

5.1.1 Robust Inventory Cost Minimization

One of the first robust inventory management models, focused on minimizing cumulative or-
dering, holding and shortage costs over a finite horizon, is Bertsimas and Thiele [11], which
applies the fundamental constructs of Bertsimas and Sim [10], such as “budgets of uncer-

tainty”. Bienstock and Ozbay [14] extends Bertsimas and Thiele [11] in various directions.



94

Chen et al. [18] studies generic robust uncertainty sets allowing for asymmetry and See and
Sim [39] analyzes a “factor-based” model of uncertainty; both these approaches result in a
non-robust second-order cone counterpart. Wagner [44] studies a similar cost minimization
problem, except that the only property known about demand is non-negativity. Ardestani-
Jaafari and Delage [2], extending the ideas from Gorissen and Hertog [24], analyzes more
general robust optimization problems involving sums of piecewise linear functions, which can
be applied to inventory management problems. Mamani et al. [31] studies a similar problem,
except that the uncertainty sets are motivated by the central limit theorem, which results
in closed-form solutions. Solyal et al. [41] proposes a new robust formulation of inventory
control based on ideas from facility location. Wagner [45] provides a continuous-time formu-
lation of a similar problem, where the uncertainty set is motivated by the strong law of large
numbers. Our paper differs from this stream in that we introduce revenues into the models

via a Newsvendor approach, so that we maximize profit rather than minimize cost.

5.1.2 Robust Newsvendor Models

A popular approach for studying a robust Newsvendor model is to apply distributionally
robust optimization: one assumes that the mean and variance of demand are known, but the
distribution is not, and a max-min approach over all probabilistic distributions that have
the given mean and variance is applied. Scarf [36] derives the optimal order quantity for
the Newsvendor Problem under this scenario. Perakis and Roels [34] extends this setup
to allow more (or less) information to be known about the demand distribution under a
regret formulation and Natarajan et al. [32] analyzes similar extensions under a max-min
approach over multiple products. Further examples of this style of research can be found
in the comprehensive literature review of Natarajan et al. [32]. Our paper differs from
this stream in that we apply uncertainty-set robust optimization techniques, rather than
distributionally robust techniques; the value of our approach is that we can introduce and
tractably analyze inventory balance constraints for a multiple period Newsvendor model.

Note that Vairaktarakis [42] also utilizes uncertainty-set robust optimization to study the
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Newsvendor problem, under either interval demand uncertainty or under a discrete set of
demand scenarios; however, this paper only considers a single period and inventory balance

constraints are not considered.

5.1.83 Design of Robust Uncertainty Sets

In early robust optimization papers, the uncertainty sets were selected to be interval, poly-
hedral, ellipsoidal, or, more generally, simply convex. More recently, researchers have at-
tempted to design uncertainty sets that mimic the structure of limit theorems of probability.
Bertsimas et al. [13] analyzes queuing networks with a robust uncertainty set motivated by
the probabilistic law of the iterated logarithm. Bandi and Bertsimas [3] focuses on study-
ing uncertainty sets motivated by the central limit theorem, which is applied in detailed
investigations of option pricing [5], auction design [4], queueing theory [6, 7], and inventory
management [31]. Wagner [45] uses the strong law of large numbers to motivate an uncer-
tainty set in an inventory cost minimization context. Our paper continues this stream in
that we consider a generic uncertainty set, which can be parameterized to result in many of

the above sets.

5.1.4 Dynamic Robust Optimization

Ben-Tal et al. [8] studies an adjustable robust optimization problem, where variable values
can be changed once unknowns become realized; this problem is shown to be NP-hard. Con-
sequently, researchers have focused on approximations, such as an affinely adjustable robust
optimization model, where the focus is to find optimal policies that are affine in the uncertain
parameters. Bertsimas et al. [12] proves the optimality of affine policies for a general class
of multi-stage robust optimization models where unknown parameters are constrained to lie
in intervals; this research is extended by Iancu et al. [27], which more fully characterizes the
problem structures where affine policies are optimal. Another avenue of approximation is to
apply a static model in a rolling horizon framework. Mamani et al. [31] takes this approach

in an inventory cost minimization context, and exhibits better performance than Bertsimas
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and Thiele [11] and Bertsimas et al. [12] under correlated demands. Solyali et al. [41] also
takes this approach, which outperforms Bertsimas and Thiele [11], Ben-Tal et al. [8], See
and Sim [39], and others. Wagner [45] studies three rolling horizon contexts, which depend
on whether or not the observed demand stream is consistent with the original robust uncer-
tainty set. In our paper we adopt this rolling horizon approach to design dynamic strategies,
though we are the first to do so for a multiple period Newsvendor problem with inventory
balance constraints.

The only paper, to our knowledge, that combines a non-stochastic Newsvendor framework
with a multiple period setting and inventory balance constraints is Wagner [43]; however, this
paper approaches the problem via online optimization where nothing is known about demand
other than non-negativity, which leads to overly conservative solutions. In contrast, our
model allows the introduction of partial knowledge of demand, such as the mean and standard
deviation; furthermore, our model admits parameters than can control the conservatism of

the solution.
5.2 DModel

Consider a seller managing the inventory of a single product over n periods. For j €
{1,2,...,n}, let d; > 0 be the demand for this product in the j-th period, and let ¢; > 0 be
the amount of new product that the seller purchases in the same period. Then the inventory
level I; at the end of this period is I; = I;_; 4+ ¢; — d;, where the initial inventory level I is
assumed to be known. I; can take any sign; a negative value of I; indicates shortage while
a positive inventory level implies a surplus. Both unmet demands and surplus inventory are
carried over to the next period. Thus, the total demand which must be satisfied in period
J is d; plus any demand which has been carried over from the previous period. Similarly,
the total amount of the product available for sale in period j is the sum of ¢; and any in-
ventory being held from period j — 1. Therefore, the amount of inventory sold in period j is
min{d; + I;_,,q; + I;",} (where a* = max{a,0}, a~ = max{—a,0} and a = a* —a~ for any

a € R). Let ¢ = (q1,...,qn) be the vector of order quantities, and d = (dy,...,d,) be the
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J J

demand vector. Also, let Q; = > ¢; and D; = > d; be the cumulative order quantity and
i=1 i=1

cumulative demand up to period j respectively. If » > 0 is the sale revenue per unit, then

the total revenue accrued over n periods is
R(q,d) =Y r-min{d; + [, ¢, + I},} = r(Z min{0, —I;} + q; + Ijtl)
j=1 j=1

(-1 o+ 1n) = (1 Q- 1), (5.1)
j=1

Next, we compute the total cost incurred over the entire horizon. The seller tries to avoid
both excess inventory as well as shortage, and this is modeled by defining costs associated
with both these phenomena. Suppose a holding cost of A > 0 per unit per period is incurred
whenever the order quantities exceed the demand and the inventory level is positive. Simi-
larly, let s > 0 be the shortage cost per unit per period which applies only when the demand
from period j is not satisfied and /; < 0. Finally, let ¢ > 0 be the ordering cost per unit.

Then, the total cost for order quantities ¢ = (¢4, ..., ¢,) and demand d = (dy, ... ,d,), is

Clq,d) = eq;+ hI} + s} (5.2)

=1

The seller’s objective is to maximize profit. The profit earned over the entire horizon is
II(q,d) = R(q,d) — C(q,d). The following lemma computes a convenient expression for the
total profit which helps us formulate the profit maximization problem as a linear program

(LP).

Lemma 5.2.1 (Profit function). For a demand vector d and order quantities q, define
Y; :maX{(h+5an)(Qj —Dj +Io),($+(5jn<T—C))(Dj _Qj —[0)}, j = 1,...,7’L, (53)

where 0j,, is the kronecker delta which takes the value 1 when j =n, and 0 otherwise. Then,



the profit function is given by

n

(q,d) = clf + (r—c)ly + (r —c)D,, — Zyj.

Jj=1

Proof. Proof:

Il(g,d) = R(q,d) — C(q,d)
= (I 4 Qu 1)~ oo~ YL+ 81)
j=1
B QI — SIS T
j=1
=rlf +(r—c)(D,—1Io)+ (r—c)(Qn — Dy + L) — 1l — zn:(h[f +sI;)
j=1
— I — (1= Qo+ (= D+ (r — Al — I — ST +517)
j=1
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(5.4)

=rlf — (r—o)(If —Iy)+ (r =)Dy + (r— ) (I — 1)) = rI7 = > (R} + sI)

j=1
=clf +(r—o)ly +(r—c)D, —clt — (r—co)I, — Z(h];r +sI;7)
=1

=clf +(r—o)ly + (r—c)Dp =Y ((h+8uc) I + (s + 6ju(r — 0)I})

J
=1

=cIf + (r— o)y + (r—c)Dy = Y max{(h + nc)Lj, —(s + 0ju(r — ) ;}.

Jj=1

Substituting I; = Q); — D; + I, for all j, we rewrite

(q,d) =clf + (r—c)ly + (r —c)D,

— Y max{(h +6;uc)(Q; — Dj + Io), (s + &ju(r — ))(D; — Q; — I) }.

J=1
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Finally, using the definition of y; from (5.3) gives the desired result.

The seller’s goal is to find the optimal quantity to order in each period so as to maximize
the total profit. The terms outside the summation in (5.4) are constant for any ¢, and
the optimal order quantity is independent of these terms. Therefore, maximizing the profit
is equivalent to solving <min i yj> over all feasible vectors ¢ > 0. Intuitively, the seller
tries to simultaneously minim]iz:e1 both the terms inside the max in (5.3). The first term,
being positive only when @); + Iy > Dj, indicates the seller’s aversion to ordering too much
inventory which would incur a holding cost. Since the purchase cost for each period gets
added up, the parameter ¢ appears only in the last period. Similarly, the second term is
positive only when Q;+1y < D;, that is, when the quantity ordered in the first j periods (plus
the initial inventory) is insufficient to meet the demand in those periods. This is weighted
by the shortage cost. Once again, the term (r — ¢) appears only in period n to penalize any
lost revenue when the total demand D,, exceeds the total quantity @), + Iy of the product.

Thus, the profit maximization problem can be formulated as the following LP.

min zn:yj
j=1

st. y; > (h+6;,0)(Q; +1o—Dj), j=1,...,n, (5.5)
by 2 (54 0julr =Dy = Q= ) 5 = L.,
Qn=Qn12...2Q1 >0,

Note that we can drop the variables g; since they can be recovered from ();. The nonnega-
tivity of ¢; is ensured by the constraints @); > Q);_; for all j.

In the simplest model, we can assume that the demands are known and solving (5.5) will
yield the optimal order quantities (Q; = (D; — Iy)" for all j). This, however, is unrealistic in
practice, as the true demand is almost never known a priori. Traditionally, this is resolved

by assuming that the parameters D; in (5.5) are random variables with known distributions.
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This gives rise to the classical stochastic newsvendor model, and optimal order quantities

are recovered by solving (5.5) through stochastic optimization techniques.

The demand distributions in the stochastic model are often constructed from historical
data using heuristics and statistical methods, and may not be exact. These errors, in turn,
may lead to suboptimal solutions. A robust optimization model accounts for this by instead
assuming that the unknown demand vector d simply lies in some set of plausible values called
the uncertainty set €). A robust optimization variant of the profit maximization problem in

(5.5) can be formulated as follows.

min zn:yj
j=1

st. y; > (h+0,c)(Q; —Dj+ 1), j=1,...,n, VdeQ, (5.6)
Y > (s+0n(r—e)(Dj—Q;— L) j=1,...,n, VdeQ,
Qn=>2Qn12...20Q1 >0,

We remark that there are multiple ways of constructing a robust newsvendor model; hence
we only talk about ‘a’ (and not ‘the’) robust counterpart of (5.5). We define uncertainty
per constraint, which is the more common approach in the literature (e.g., Bertsimas and
Sim [10], Bertsimas and Thiele [11], Bienstock and Ozbay [14], Ben-Tal et al. [8], Bertsimas
et al. [12], Mamani et al. [31], Solyal et al. [41], Wagner [45], etc.). In this case, the terms
y; have a natural interpretation with respect to balancing the worst-case costs due to excess
as well as insufficient order quantities. Moreover, this leads to closed-form solutions with
intuitive properties and structure, as discussed in Section 5.3. However, other researchers
have focused on determining a single worst-case demand instance per model, as in Gorissen

and Hertog [24] and Ardestani-Jaafari and Delage [2].

Our robust model (5.6) has a linear objective function, and linear constraints, but the

constraints are indexed by d € €2 — there are infinitely many of them. However, we observe
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that for any 7,

Y, > (h + 5jnc)(Qj — Dj + ]0) Vdel <— Y, > Igleaéi (h + 5jnc)(Qj — Dj + ]0) (57)

J —
The same is also true for the second set of constraints. Let D; = I;liélZdi and D; =
=1
J
max > d; be the smallest and largest possible cumulative demands up to period j respec-
€ =1
tively. Then, using the observation in (5.7), the robust math program (5.6) can be reformu-

lated as the non-robust linear program

min Zyj
j=1

s.t. ij(h+6an)(Qj+Io—Qj>, jzl,...,n,
Yy > (s +0m(r—c))(D; — Qi — L) j=1,...,m,
QnZanlzlezo

n
This is equivalent to solving min > y; where
20 =1

Yy; = maX{(h + 6jnc)(Qj + [0 - Qj)> (S + 6jn(r - C))<l_)] - Qj - IO)}> ] = 17 cee, N

The terms inside the max are worst-case analogues of those in the nominal case in (5.3).
The first term corresponds to a penalty for exceeding even the smallest possible demand,
while the second term indicates a cost incurred when the quantity ordered is insufficient

for the maximum possible demand. Finally, we define new variables @j = Qj + I for all
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j=1,....,n,and Q = (Qy,...,Q,) to formulate the equivalent LP

s.t. Yj 2 (h+ 5]'”6)(@]' — l_)j), j = 1, .o, n, (58)
Y = (s+0u(r—c)(D; — Q) j=1,...,n,
Qn>Qn>...Q1 > 1.

5.3 Closed-form Solutions for an Arbitrary Uncertainty Set

In this section, we provide closed-form expressions for the optimal solution to the robust
newsvendor model (5.8), along with a proof of optimality. Here, we treat D; and Z_?j,
j =1,...,n, as known constants. Section 5.3.2 elaborates on how these may be obtained
analytically for some uncertainty sets which commonly arise in practice.

For any j, y; is the maximum of two linear functions of Q, and we first find the points of
intersections of these straight lines by equating the right-hand-sides of the first two inequal-

ities. For any j,

(h+ 0uc)(Q; — Dj) = (s + 6ju(r — 0))(Dj — Q;)

= (s+h+06;,7)Q; = (s+dju(r —c))Dj + (h + d;,c) D;

<~ (54 julr — ¢))D; + (h + 6;,¢)D;
= @= S+ h+dnr '

Define
@ o s+h 7
J— _
(h+c)D; +(s+r—<)D;
s+h+r )

J=n.

We emphasize that @j are constants which can be computed once D; and 1_7]- are known.
They will serve as candidates for the optimal cumulative order quantity in period j when
such a solution is feasible. They also have certain properties that are desirable in the optimal

solution. In particular, we expect the optimal order quantities to be increasing in the per
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unit revenue r and the shortage cost s, but decreasing in the purchase cost ¢ and holding cost
h; these properties hold for @j. Furthermore, note that @j > @j,l forall j =2,...,n—1,
since D;_; < D; and l_?j_l < l_?j. However, we do not necessarily have Qn > Qn_1. We
may also have Q1 < I,. Hence, the solution Qj = C_Qj V 7 may not be feasible. Nonetheless,

the quantities @j are used to define an optimal solution to (5.8) as shown below. Let

Q* = (Q1,...,Qr) denote this solution.

Theorem 5.3.1. Let k be the largest integer in {1,2,...,n} for which Qn_1 < Q. (where
Qo = min{y, 0} ).

(A) If (n — k)s < h+ ¢, then the optimal solution to (5.8) is

Q max{@j,fo}, jzl,...,k—l,

max{Q,, Lo}, j=k, ...,n

(B) If (n—k)s > h+c, let m be the smallest integer in {k,...,n—1} for which (n—m—1)s <
h + c. Then the optimal solution to (5.8) is

o max{Q;, Ly}, j=1,...,m—1,
max{Q,,, Lo}, j=m,...,n.

Proof. Proof of Theorem 5.3.1: Note that k and m always exist. The theorem will be proved
using duality. The dual of (5.8) is

n

max Z —(h+ 0inc) Diu; + (s + 0in(r — ) Divi + Ty (5.9)

s.t. Z—:flLui—l—sviqui—wiH <0,i=1,...,n—1, (5.10)
—(h+c)uy, + (s+ 7 —c)v, +w, <0, (5.11)
w+v,=1,1t=1,...,n,

ui,vi,wiZO, Z:1,,?7,
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Since v; = 1 — w; for all 4, constraints (5.10) and (5.11) can be rewritten as

—(s+h)u;+s+w; —wiy1 <0, i=1,...,n—1, (5.12)

—(s+h+r)u,+s+r—c+w, <O0. (5.13)

The primal LP has primary variables Qj and auxiliary variables y; which, given Q, can

be solved for as below.

yy = max { (h+ 8,0)(Q; = D). (5 + 8in(r — ) (D; = Q) }

= max { (h+ 0,00} (@5 = Dj) = (5 + djulr = ) (Dy = @), 0} + (s + n(r — 0)(D; = Q)

+
(h + 8juc)Dj) + (s + dju(r — €))(Dy] 0}
(s +h+dnr) ’

+ (s + 05u(r — ))(D; — Q)) (5.14)

= (s + h+ J;,r) max {Q] -

)+ Gnr =D = @), Q< Qs i=1,...,n. (5.15)

(h+8juc)(Q; — Dy), if Q> Q,
We will prove the theorem separately for cases (A) and (B).
In case (A), k is the largest index in {1,...,n} so that Q;_; < Q,, and (n—k)s < h+c.

We will consider three sub-cases.

Case A-1: ) < Q,.
Then, let | be the largest index in {0,1,...,k — 1} for which I, > @Q;. Therefore,

Q; < Iy < Qi+1. The proposed solution takes the form
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Note that Q; >Q; for 1 <j <, and Q; < Qj for j > I. Therefore, we use Equation (5.15)

to compute

Y; =

(s + 0jn(r —

(

) h(Iy — D;), 1<j <1,
(h + 0jnc)(QF — Dj), I<j<li _
. B - S(Dj—Qj), I <j <k,
(D —Q5), j>1, _
(s +0u(r = N(D; = Qu)s k<)

Thus, the primal objective function value is

l k—1 n—1
sh — — —
zp:lhlo—th_)j+S+h' (Dj—_])+sl Dj — (n—k)sQ,
Jj=1 Jj=l+1 j=k
(h+c)(s+r—2c) (D, — D).
s+h+r
Consider the dual solution
4 (
L, 1<i<], 0, 1<i <, (
(l—i+1h, 1<i<l,
s . h .
m, l<2<k37 s—l-_h7 l<Z<k§, ‘
u; = v = w; = 40, <1<k,
0, k<i<n, 1, k<1i<n,
+r—c+(n—k) hee—(n—k) (i = K)s, ksisn
s+r—c+(n—k)s o c—(n—k)s . \
T B (" sthr 0 T

Since 0 < h+c—(n—k)s < h+c<r+h+s, we have 0 < v, < 1. Furthermore, u; = 1 —v;

for all i. Clearly, u;, v;, w; > 0 for all . We only need to verify constraints (5.12) and (5.13)

to guarantee feasibility of the dual solution.

1<i<]:
l<i<k:
kEk<i<mn:

1=mn:

(s+h)u; +s+w; —wi1=—(s+h)+s+ ({1 —i+1)h—(—i)h=0,
(s+h)u;+s+w; —wiyg =—s+s+0—-0=0,
(s+h)u;+s+w;—wiy1 =0+s+ (i —k)s—(i+1—k)s =0,

(

s+h+r)u, +(s+r—c)+w,=—(s+r—c)—(n—k)s+(s+r—c)+(n—k)s=0.



Hence, the proposed dual solution is feasible, and its objective function value is

k—1

— = (s+r—c)(h+c) =
Z(Di_gi) Di+ s+h+r <Dn_2n>

f
L

l
D:—hZD

Il
e

%

%((h—FC)D +(s+7—2c)D,) +1hly
l k—1 n—1
h — — —c)(h —
—hy D+ (D~ D) +sS D+ BT =t 5 p
=1 S+hz:l+1 i=k S+h+r

Hence, the proposed solution is optimal.

Case A-2: I, > @, and I, < Q; for some .

In this case, the proposed solution is Q;‘ = Iy for all j.
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Let [ be the smallest index in {k,k+1,...,n—1} for which Q; > I,. Therefore, Q; < Qj

for/ <j<mn-—1and Q; > (@, for all other j. Thus, from Equation (5.15),

(

h(lo — D;), J <l

Yji =\ s(D; — Iy), [<j<n-1,

(h+e)(Io— D), j=n.

\

The primal objective value for this solution is

zp=(l—1)h— hZD +SZD (n—1)sly+ (h+c)(ly — Dy).
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Consider the dual solution

( (
1, i<, 0, 2<l,
h+c—(n—10s+({—1i)h, i<l
Up=19q0, [ <i<n,,i=41, [<i<n,, W=
h+c—(n—1i)s, [ <i<n.
1, 7=mn, 0, 7=mn,
\ \

Since | > k, we have (n —)s < (n — k)s < h+ c. So u;,v;,w; > 0 and u; + v; = 1 for all 4.

Once again, verifying the constraints (5.12) and (5.13) gives us the following.

I1<i<l:=(s+hu+s+w —wg1=—(s+h)+s+(—i)h—(—i—1)h=0,
[<i<n:—(s+hu+s+w—wy1=0+s—(n—i)s+(n—i—1)s=0,

i=n:—(s+h+nru,+(s+r—c)+w,=—(s+h+r)+(s+r—c)+(h+c)=0.

Once again, the proposed dual solution is feasible and the corresponding dual objective value

is
Z—hZD +SZD (h+)Dy+ Ip(h+c — (n—1)s+ (I — 1)h) = zp.

Hence the solution is optimal.

Case A-3: [, > Q, forall j € {1,...,n}.

In this case, Q;‘ =1y > C_Qj for all j. From Equation (5.15), we have

= (h+6;uc)(Q5 — D;) = (h+ 8juc)(Io — D;) V j

= 2p = Zyj (nh+c)ly — Z(h + 6;n0)D;

7j=1
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Consider the dual solution
u; =1Vi, v; =0Vi, w;=c+ (n—1i+ 1)h Vi.

Then, for i < n, —(s+ h)u; + s + w; — w1 = —h+ (n—i+ 1)h— (n —i)h = 0, and
—(s+h+r)u, +(s+r—c)+w,=—(s+h+7r)+(s+r—c)+h+c=0as well. Thus,

the proposed dual solution is feasible, and the dual objective value is

zZp = Z —<h + (5an)1_)1 + ]O(C + nh) = Zp.

=1

Hence, the proposed solution is optimal.

This concludes the proof for case (A), and we now proceed to case (B). Note that this
arises only when k < n. So Q1 < Q, < Q. Also, m > k is chosen so that (n —m — 1)s <

h+c< (n—m)s.

As before, we consider three sub-cases.

Case B-1: I, < Q..

Let [ be the largest index in {0,1,...,m — 1} for which I, > @Q;. Therefore, Q; < Iy <

Q14+1. The proposed solution is




From Equation (5.15), we have

( h(lo — Dj),
— ~ S<Dj _Qj)v
Z/j:<s(Dj—Q;), I<j<n, = L
~ S(Dj _Qm)7
(h_{_C)(Q:L_Qn)a Jj=n -
) \(h’_‘_c)(Qm_Qn)a
n l sh m n—1
= 2p:Zyj:lhIO—th_7j+S+h Z(Dj_Qj)+5 Z D;
j=1 j=1 j=l+1 j=m+1

+(h+c—(n—m—1)s)Qm — (h+c)D,.

Consider the dual solution

( ¢
1, 1 <1, 0, 1 <1,
Sj_h, l<z<m, SR l<2<m,
u; = s—(h+c);£2—m—l)s7 i=m, v; = h*("“);f;‘m‘”s, i=m,
0, m <1 <n, 1, m <1 <n,
1, 1=n, 0, 1=n,
\ \
(
(l—i+41)h, 1 <,
w; =40, [ <1< m,

h+c—(n—1i)s, m<i<n.
\
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Um = (n —m)s — (h+ ¢) > 0 by choice of m. Also, (h+c¢) — (n —m — 1)s > 0 implies that
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U > 0. In fact, u;, v;, w; > 0 and u; + v; = 1 for all 7. Furthermore,

1<i<l:=(s+hu+s+w;—w1=—h+({—i+1)h—(l—1i)h =0,
l<i<m:—(s+hu+s+w,—w1=-s+s+0—0=0,
—(s+hui+s+w;—wy1=((h+c)—(n—m—-1s—(h+c)+(n—m—1)s=
m<i<n:—(s+hu+s+w —wp=s—(n—i)s+(n—i—1)s=0,
i=n:—(s+h+rju,+(s+r—c)+w,=—(s+h+r)+(s+r—c)+(h+c)=0.

Therefore, this dual solution is feasible, and the objective function evaluates to

Shh Z(l_)i—l_?i)—i-(h#—c—(n—m—l)s)@m

i=l+1

+5 Z D; — (h+¢)D,, + Iplh = zp.

i=m-+1

Hence, the solution is optimal.

Case B-2: Q,, < I, and Q; > I, for some .
The proof follows exactly the same logic as Case A-2.

Then, Q}‘ = Iy for all j. Let [ be the smallest index in {m + 1,...,n — 1} for which
Q; > Iy. Therefore, @j < Qj for ] < j <n-—1and Q; > @j for all other j. Thus, from
Equation (5.15),

Y; = S(Dj—jo), lg]gn—l

= zp= y;=(0-Dh—h) Dj+sY Dj—(n—1)sl+ (h+c)(lo— D).

0,
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Again, consider the dual solution

1, 1<, 0, <,
h4+c—(n—10)s+(l—i)h, i<,
Up=40, [ <i1<n, i=1N1, [<i<n, W=
h+c—(n—1i)s, [ <i<n.
1, 72=mn, 0, +=n,

This solution is feasible as shown in proof of case A-2, and the corresponding objective

function value is
-1 n—1
ep=~h> Di+sY Di—(h+¢)Dy+Io(h+c—(n—1Ds+(I-1)h) = zp.
i=1 i=l
Hence the solution is optimal.

Case B-3: [, > Q; forall j € {1,...,n}.
This proof is identical to Case A-3, and therefore omitted.
O

Theorem 5.3.1 provides an optimal solution to (5.8), and the following corollary uses it

to obtain the robust optimal order quantities ¢; in each period j.

Corollary 5.3.2 (Optimal Order Quantities). Let k be the largest integer in {1,2,...,n}
for which Q1 < Q, (where Qy = min{Iy,0} ).

(A) If (n — k)s < h+c, then the optimal order quantities are given by

;

(Q; = 1o)™, j=1
(Qj_]0)+_(Qj—1_IO)+a j:27...,k’—1,
(Qn - [O>+ - (Qkfl - [0>+7 ] = k?

0, j=k+1,...,n.

q;

\
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(B) If (n—k)s > h+c, let m be the smallest integer in {k,...,n—1} for which (n—m—1)s <
h + c. Then the optimal order quantities are given by

/

(@1 —Io)+, ]: 17
G =94(Q;—Io)" = (@1 — o), j=1....m,
0, j=m+1,...,n.

Proof. Proof: From Theorem 5.3.1, Q* = max{Q1, Io}. Therefore,
q; == QT == QT - ]0 == max{@l, I()} — I() == max{@l — ]0, O} + I[) - ]0 == (@1 - I())+.
The rest of the proof is similar. For any ¢ and j, we have

max{Q;, Io} — max{Q;, Iy} = (max{Q; — Iy, 0} + Ip) — (max{Q; — Io, 0} + Io)
= (Qi— L))" = (Q; — Io)™.

This, along with the fact that ¢; = Q; — Q7 = Q; — Q;‘Ll for j = 2,...,n, completes the

proof.

5.8.1 Discussion

Recall that the seller’s objective is to minimize the sum of the variables y;, where

gy = max {(h+ 850)(Qs + o — Dy), (s + ju(r =)Dy = Qs = Io) }, j=1,....m.

For each j, y; is the maximum of two costs, the first of which is incurred when the stock in
period j exceeds the worst-case cumulative demand through the first j periods, penalizing

any excess inventory. The second term corresponds to shortage and is incurred when the
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worst-case cumulative demand is more than the current stock and the seller is unable to
fulfill it. Minimizing y; amounts to simultaneously minimizing both these terms, a task best
achieved when the two costs become equal. This happens when @Q); = @j + I for all 7, which

yields order quantities

G=Q1— Iy, and §; =Q; —Q;_1 =Q; — Q,_1, for j =2,...,n. (5.16)

Of course, these order quantities may not be feasible. Infeasibility occurs if ¢; is negative
for any j. Note that, for j = 2,...,n — 1, @j > @j_l by definition, so we always have

G2y -+ 5Gn-1 > 0. In other words, only ¢; and ¢, can potentially take negative values.

For simplicity, let us first consider the case where Iy = 0, that is, the seller has no initial
inventory. This further implies that ¢, > 0. When @, > Q,_1, the solution defined in
(5.16) is feasible and, in fact, optimal by case (A) of Corollary 5.3.2. On the other hand,
when @, < Q,_1, we have ¢, < 0 and the solution proposed in (5.16) is no longer feasible.

Nonetheless, the quantities @j help us in constructing an optimal solution.

Let k € {1,2,...,n — 1} be such that Q;_; < Q, < Qi (where Qo = 0). Based on the
ordering of @Q);, we now have several candidate solutions, corresponding to ordering up to
some period m > k. A larger m corresponds both to ordering over a longer horizon, and also
to acquiring a larger quantity overall. The choice of m depends on the relationship between
the cost parameters. Intuitively, the seller would order smaller quantities if holding costs
and purchase costs are higher relative to shortage costs, even if that means forgoing some of
the demand. That is, if s is large relative to h + ¢, m is also large. The converse is true if

this relationship is reversed.

Corollary (5.3.2) makes this idea more precise. The per-unit shortage cost s is a positive
number and lies between some consecutive multiples of h +c. If s < ﬁ(h + ¢), holding
and purchase costs outweigh shortage costs and the seller only orders the product until
period k and then stops; the total amount ordered over the entire horizon is @,. However,

if (h+c¢)<s< m(h + ¢), the shortage costs are more significant than in the
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previous case. The seller still orders up to period k£ but the final cumulative order quantity

is Qr > Q,,. Let us go one step further. If m(h +c)<s< h + ¢), the shortage

=
costs carry even more weight. Consequently, the seller orders up to period k + 1 and the
total quantity ordered is Q11 > Q. In general, suppose ——(h +¢) < s < M(h +¢)
for some m € {k,...,n—1} (where 1/0 = 00). A larger value of m indicates a greater weight
on shortage costs, so the seller orders up to period m. The cumulative quantity ordered over
the entire horizon is @,, and it increases with m. Observe that no new product is ordered
in the last period in any case.

Finally, if I # 0, the optimal quantities in the above discussion can be viewed as ‘target’,
or base-stock, inventory levels. Suppose Q; was the optimal cumulative order quantity in
period j with zero initial inventory (where i is not necessarily equal to j). If Iy happens to
be larger than Q;, the seller already has sufficient stock and no more product is ordered in
period j. On the other hand, if I < Q;, the optimal cumulative order quantity for period j
is Q; — Io. Thus, the seller orders enough product in period j to make up the difference and
bring the current stock level up to ;. This holds even when I, < 0 indicating unfulfilled
demand at the beginning itself. This is particularly useful in the dynamic variant in Section
5.3.3.

Figure 5.3.1 illustrates the main result on a toy problem with 7 periods. The quantities
Q; + Ip are plotted versus j. For j > 1, the jump from period j — 1 to j gives the optimal
quantity to order in period 5. Hence, an incoming flat line indicates that no product is ordered
in period j. The left column corresponds to the Iy = 0 case while the right column illustrates
the case where there is some positive initial inventory. In this example, Q4 < Iy < Q5. The
case with negative inventory is not illustrated but the general behavior is as in the second
column. The top row is for the case where Q,, > Q,_1. In the examples on the bottom row,
Qi_1 < Q, < Qy for k = 4. The multiple curves in this case correspond to different values
of m depending on the ratio of s to ¢ + h.

In Figure 5.1a, we simply have Q] = @j for all j. In Figure 5.1b, no product is ordered

in the first four periods where the initial inventory level Iy exceeds the ‘target’ levels @j. In
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(d) Qs < Ip < Q5 and Q3 < Q7 < Q.

Figure 5.1: An illustrative plot of @} + Iy for a robust newsvendor model with seven periods

under various relations between the parameters.

period 5, only the difference Qs — I is ordered to bring the stock up to the target level Qs.

Thereafter, the two cases are identical.

In Figure 5.1c, there is no initial inventory, and the four curves correspond to different

ranges on the ratio s/(c+h). As this ratio increases, the total quantity ordered also increases

and the product is ordered over a larger horizon as well. In Figure 5.1d, we again assume
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that there is some positive initial inventory. In the lower two cases, with s/(c+h) < 1/3 and
1/3 < s/(c+h) < 1/2, the ‘target’ final order quantities are Q; and Q4 respectively. Since
Iy exceeds these, no product is ordered at all. In the other two cases, product is ordered in
period 5 to make up the difference and bring the stock up to target levels, and the seller
then proceeds as in Case 5.1c.

In the end, we observe that the optimal order quantities defined in Corollary 5.3.2 are
identical to those obtained in Mamani et al. [31] when r = 0 (which implies ¢ = 0). We also
remark that in some cases, the revenue and ordering cost parameters r and ¢ do not appear
explicitly in the optimal order quantities. This may give the impression that the optimal
solution is independent of the same; but we note that there is an implicit dependence since
the indices k& and m are functions of these parameters. In fact, @, is increasing in r and
decreasing in c. So it is the relation between these and other cost parameters that determines

how @, is ordered among the other points @j, j#n.

5.3.2  Closed-form solutions for inner problems

The optimal order quantities in Corollary 5.3.2 are defined in terms of the cost and revenue
parameters, as well as the quantities D; and D;. Recall that D; is the least possible cu-
mulative demand through period j over all possible demand vectors d € ). Similarly, Ej is
the maximum cumulative demand up to period j. These can be computed by numerically

solving the following so-called ‘inner problems’ for all j.

J _ J
D; =min)_d, D; =max)_d,

i=1 i=1
s.t. d € (), s.t. d e Q.

The objective functions are linear in d, and these problems can easily be solved to arbitrary
accuracy, especially when {2 is chosen to be a closed, convex set. Even so, the optimal
solutions in Corollary 5.3.2 are easier to implement if the worst-case cumulative demands

are also available in closed-form. In this section, we describe a class of uncertainty sets which
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frequently arises in practice, and explicitly compute D; and l_)j for these sets.

Consider an uncertainty set of the form

Q:&hﬁmw”d@:A§§:¢§B,%Sdﬁgmtzlwwn} (5.17)
t=1
where the parameters A, B, a; and b;, t = 1,...,n are chosen so that 2 is non-empty. In

particular, a; < b; for all £ and A < B. Since the demand must be nonnegative, let a; > 0 for
all ¢t without loss of generality. Similarly, we can also assume that A > zn: a; and B < zn: by.
Many of the uncertainty sets studied in literature fall within this framevtvzik, and in thet :nlext
two lemmas, we obtain the optimal solutions for computing D; and l_)j for all 5. We find

that the optimal solution for both of these quantities is independent of j.

Lemma 5.3.3. Let ¢ be the largest integer in {1,...,n} for which

t—1 n L n
AgZat—l—th and Zat—i— Z bt SB (518)
t=1 t=¢ t=1

t=1+1

Let d* = (a1,...,a,1,0,,b41,...,b,), where [, = A — Lilat — zn: by. Then, D; = ZJ: dy for
alj=1,....n. - .
Proof. Proof: We first prove by contradiction that such an ¢ must exist. Let Z, C {1,...,n}
be the collection of indices for which the first inequality in (5.18) is satisfied. Since 1 € Zy,
this set is non-empty. Similarly, the set Zg of indices which satisfy the second inequality in
(5.18) is also non-empty, as n € Zg. By definition, ¢« = max{i : i € Zy N Zp}.

Suppose ¢ does not exist. This can only happen if the intersection of Z, and Zp is

empty. Let 14 be the largest element of Zg and ¢t be the smallest element of Zg. Then,

1<ia<ip<mnandig+1¢Zs. Therefore,

LA n
Zat+2bt<A§B:>LAGIB,
t=1

t=ta+1
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which is a contradiction. Hence, T4, N Zp # @, and ¢ as defined in the statement of the

lemma must exist.

Now, we verify the feasibility of the proposed solution. Clearly, a; < d; < b, for all t # ¢.
From the first inequality in Condition (5.18), we have that d* = [, <b,. Also, by choice of ¢,
¢ + 1 does not satisfy Condition (5.18). So it must violate one of the two inequalities. Since
¢ satisfies the second inequality, so must ¢ + 1. Therefore, the first inequality in (5.18) must

be violated and we have

Zat+2bt<A — q, < A— ZaﬁthJ =d.

t=t+1 t=1+1

So a; < dy < b, forallt, and > di = A by construction. Hence, d* € 2, that is, the proposed
t=1
solution is feasible.

Mm.

For the proof of optimality, we consider any other feasible solution d. Let Si(d) = > d;

t

A . J
for any d € Q. Then, for j < ¢, S;(d) = Y di > > ar = Zd* = S;(d*). Therefore,
t_ p—

1

=1 =
S;(d*) = gligrll Sj(d) = Dj, that is, d* is an optimal solution for computlng D;. For j >,
€
—1 —1 n J n
S SRR 3D SRS SIEFED 31
t=1 t=1 t=u+1 t=ut1 t=j+1

Since d € ), we have

Zdt>A=>S Zdt>A Zdt>A th

t=1 t=j+1 t=j+1

since —d, > —b, for all t. Thus, S;(d*) < S;(d) for all d € Q and all j = 1,...,n. It follows
that D; = Z dr for all j. O
t=1
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Lemma 5.3.4. Let v be the largest integer in {1,...,n} for which

n

v v—1 n
Agzbﬁ Z a; and z;bt+2at§3. (5.19)
t= t= t=v

t=v+1

B v—1 _ J
Let d* = (by,...,by_1,Up, Qpi1, ..., Gp), where u, = B— > by — >, a;. Then, D; = d}
t=1 t=pt1 t=1
forallj=1,...,n.

Proof. Proof: The proof is similar to Lemma 5.3.3, and is omitted.

]

We now examine some special uncertainty sets motivated from the limit theorems in
probability and studied in the robust optimization literature. Limit theorems are used to
study the asymptotic behavior of sequences and series of random variables. They are partic-
ularly useful when the exact distribution of random variables is unknown, and only partial

information (like certain moments) is available.

Central Limit Theorem.

The Central Limit Theorem (CLT) is one of the most powerful and widely used results in
probability theory. If X;, i = 1,2,..., are independent and identically distributed (i.i.d.)
random variables with mean p and standard deviation o, the CLT states that the distri-
bution of the random variable (i X; — nu)/(y/no) approaches that of a standard normal
distribution, as n increases. Vievz;rllg the demands d; as i.i.d. random variables with known
mean 4 and standard deviation o (but unknown distribution), Mamani et al. [31] uses the

CLT to formulate the uncertainty set described below.

dody—nu
QCLT:{(dlj___,dn> : —FSMTSF7 M—Fggdt§N+FU,t:1’,n}
no

(5.20)



120

This is a special case of (5.17) with A = nu — y/nl'oc, B = nu + y/nl'o, a; = p — T'o and
by = p+ Do for all ¢, where we assume that y—T'c > 0. I' > 0 is a tunable parameter which
allows us to adjust the conservativeness of the robust approach. Note that I' = 0 would

make Q¢IT a singleton set, and fix the demand in each period at the mean pu.

We now invoke Lemmas 5.3.3 and 5.3.4 to compute D; and l_?j for this uncertainty set.

By (5.18), ¢ is the largest index in {1,...,n} for which

np—/nle < (t—1)(p—To) +(n—1+1)(u+To)
and t(p—T0o)+ (n—1)(u+To) <nu++nl'o
— —nl'o<(n—20+2)l¢e and (n—2)To < +/nlo

= n—vn<2<n+vn+2.
A similar calculation using (5.19) shows that v is the largest index in {1,...,n} for which
n—vn<2<n++n+2.

Thus, ¢ and v coincide in this case, and we have « = v = |7| 4+ 1, where 7 = (n + /n)/2.

Moreover, a simple calculation gives
l,=p+To—-2(r—|7])To, w,=p—To+2(r—|7]T0).

Therefore,

j . . .
jM_]FU7 J S LTJa
Q?LT: min Zdt:
deQOLT . . .
|jn— (27 = j)To, j>|7]
)
— Jjp+To), J<[7],
DjCLT: max Zdt: ( ) 7]

=1 |jp+ (27 = j)lo, j>|7].



121

Our set QCI7 is a special case of the partial-sum uncertainty sets considered in Mamani
et al. [31]. This allows us to get simple expressions for the inner-problem solutions, but we
note that these can also be derived from the formulas provided in that paper. From here,

we can directly use Corollary 5.3.2 to compute the optimal order quantities for each period.

Strong Law of Large Numbers.

The Strong Law of Large Numbers (SLLN) is another widely-used limit theorem about the
asymptotic behavior of the average of i.i.d. random variables. For i.i.d. random variables
X1, Xs, ..., with mean u, the SLLN states that their average Z X;/n concentrates at the

mean g almost surely as n — oo. This motivates the following SLLN based uncertainty set.

n

> dy
QSL:{(dh.--,dn) :,U/_th:; SM+€7M—5§dt§M+5,t:1,,n} (521)

Here, § and € are tunable parameters such that 0 < €, < u. See Wagner [45] for a discussion
on how these may be chosen. As in section 5.3.2, a simple calculation shows that + = v.

Further, we get from Condition (5.18) that ¢ is the largest index for which

n(d —e) o, < n(6+5)+1.

20 20
Thus, ¢ = [£] + 1, where £ = n(e + 9)/20. Moreover,
[,=(u—290)—ne—(n—20)0, wu,=(u+0)+ne+ (n—2v)d.

Therefore, using Lemmas 5.3.3 and 5.3.4, we have

J(p = 0), J < 1€l Bt i +9), J < €],

j:u_ne_(n_j)(;? ]>L§J7 jﬂ+n€+(n_j)5v ]>L§J
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These are discrete analogs of the expressions for worst-case cumulative demand derived in
Wagner [45]. Once again, we can now use Corollary 5.3.2 to find the robust optimal order

quantities.

Law of Iterated Logarithms

The previous limit theorems are obtained by scaling the centralized sum of n i.i.d. random
variables by factors \/no and n respectively. A third kind of scaling yields the law of iterated
logarithms (LIL). Define ¢(n) = y/nloglogn for all n. For i.i.d. random variables X; with
mean p and variance o2, the LIL describes the behavior of (Zn: X;—nu)/ov/24(n). Bertsimas
et al. [13] uses the LIL to construct uncertainty sets, and erztllse the same idea here to define

QLIL a5 below.

. t§1dt—nu
QY =S (dy,....d,) : —(1+e) <———<(1+e6), p—0<di<pu+dot=1....n,.

(5.22)

Here, too, ¢ > 0 and 0 < § < p are adjustable parameters. This set is also of the form (5.17),
with a; = pu— 6, by = pp+ 6, A =nu— (14 €)ov2¢(n) and B = nu+ (1 + €)ov/2¢(n). ¢ and

v coincide, and take the value

L Lné—k (1 +;)0\/§¢(n)J ey
Moreover,

(

j:u - ]57 ] <
D=y .

i — (14 €)ov20(n) — (n—5)d, j =1,

)
N FIREE) i<t
Dy =

i+ (14 €)ov20(n) + (n = 5)d, j >,
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We remark that closed-form expressions for Dj;and l_?j for LIL-based uncertainty sets are
not available in the literature. Here, these formulas can now be used in conjunction with

Corollary 5.3.2 to obtain the robust optimal order quantities.

5.3.8  Dynamic Variant

In the above setup, we solved a static robust optimization problem which finds the optimal
order quantities for every period in one shot. In practice, a seller may use observations from
the first £ — 1 periods to inform his decision in the k-th period. This motivates a dynamic
variant of the robust model based on re-optimization.

At the end of period k — 1, the seller knows the demand in the first £ — 1 periods

cfl, o ,cfk,l, as well as the corresponding order quantities §i,...,qx_1. Consequently, the
" k—1 .
inventory level I, at the end of period k — 1, given by I,y = Y (¢; — d;) + Iy, is also
j=1

known. Note that I,_; may be of any sign. This is used to define a new robust model for
the remaining n — k + 1 periods. The unknown demand for these periods now varies within
a projected uncertainty set ), which comprises all those demand vectors in €2 whose first

k — 1 components match the observed demand. That is,
Q. =0n{(dy,....dy):di=d;, i=1,... . k—1}.

This yields an (n — k + 1)-period static robust optimization problem with known initial

inventory I, analogous to (5.6).

n
min g Yj
j=k

sty = (4 850 (Y= d) +Tir) j=hoooin, ¥ (dio. o) €,

i=k

n

n

5y = (s 0ulr = ) (D = ) = D) G = Kyoon, ¥ (i) € Qe
j=k

k> Qk+15 - - -, qn > 0.
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Optimal solutions to this problem are obtained in closed-form in the same manner as in
the static case. Thus, the seller uses the original static model at the beginning of the first
period. In every subsequent period, he solves a new robust optimization problem taking
into account observations from the previous periods. This rolling-horizon framework is a
standard approach for studying dynamic variants of static optimization models; see Mamani

et al. [31] and Solyali et al. [41] for more details.

5.4 Benchmarking with Computational Experiments

In the previous sections, we formulated a robust newsvendor model for profit maximization
and obtained optimal order quantities for the same. To the best of our knowledge, this is
the first model that accounts for revenue in addition to costs. In this section, we present
the results of numerical experiments in order to benchmark our model. Since a comparable
robust optimization model is not available in the literature, we employ a stochastic model

for these experiments.

5.4.1 A Stochastic Newsvendor Model

Recall that for a given vector of demands d, the problem of finding optimal order quantities

reduces to solving the following minimization.

n

min )~ max {(h 460 (Q; + Iy — D;), (5+ 8(r — ) (D; — Q; — 10)}. (5.23)

In the stochastic model, demand is treated as a random variable, and the agent tries to find
order quantities which maximize his expected profit over the entire horizon. This corresponds

j
to minimizing the expected value of the sum in (5.23). Let F} be the cdf of D; = )" d;, and
=1
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Y max {(h +6:m0)(Q; + Io — D;), (5 + Sju(r
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, F,). Then, the stochastic demand variant of (5.23) is

—)(D; - (Q; + zm}]

L j=1

= gliIOlEF Z(h +0jnc)(Qj + o — Dj)" + (54 0ju(r — ¢))(D; — (Q; + [0>>+]

= min Y Br|(h+8u0) (@ +Io = D) + (s+ 8iulr = (D, = Qs + )]

— %2% Z /(h +6,u0)(Q; + I — D) TdF; + /(3 + 8ju(r — ) (Dj — (Q; + Iy)) T dF;
Qj+1o 0o

= min ]Zl(h + 0jnC) / (Qj + Io — D;)dF; + (s + 6u(r — ©)) / (D;

0

Closed-form optimal solutions.

Let zg(Q) denote the objective function in (5.24). Then,

—(Q; + Iy))dF].
Qj+1Io
(5.24)

( Qj+Io
h f dF; — s f dF; j #n,
825_ Q]+[0
TQ, Qj+1Io
! (h+c¢) [ dFj—(s+r—2c) f dFj, j=n
\ 0 Q]+IO
4
_ ) hF;(Qj + o) — s(1 — F3(Q; + Io), J#n,
((h+)F(Q5 + o) = (s +7 =) (1 = Fj(Q; + L), j=n
4
[eenm@ - j#n
\(5+h+r)Fj(QJ+Io)—(34‘7"—0)7 J=n
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Also,

azg B 0, v # Js
009 | (s b+ 0un) Qs+ 1), i =J.

Thus, the Hessian of z5(Q) is positive definite, which implies that zg(-) is a convex function
over () > 0 and a local minimum must be the global minimum. Setting the partial derivatives

of zg equal to zero gives

~ F‘il =) = [ 3 ‘ )
O, =147 (537) — 1o J#mn (5.25)
Fo () o j=n

Q will serve as a candidate optimal solution, but we first check for feasibility. Q is feasible
if @n > Qn_l > .. > Ql > 0. This ordering depends on the relation between the cdfs FJ},

which is established in the following lemma.

Lemma 5.4.1. The cumulative demands D; are (stochastically) ordered as Dy < Dy < ... <
D,,.

Proof. Proof: Let fp, and fq, be the probability density functions for D; and d; respectively.
Note that D;1 = D; + dj;; for all j < n. Therefore, for any z > 0,

ij+1 (2) = /ij (Z - y)fdj+1 (y)dy
0
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For = > 0, we have

/ foy(2) dz = / / Fioy (2 = )y, (9) dy dz

//fD z—=y)fa,,(y) dz dy (changing the order of integration)

/ / Io;(z —y) dz | fa;,,(y) dy = ] z/yfpj(U) du | fa,..(y) d

:/F( W fus () dy < Fy(o /fdm ) dy < Fy(x).

Since this is true for all z > 0, it follows that D; < D; ;.
O

Lemma 5.4.1 implies that FJJrl

(y) > Fj_l(y) for all real numbers y. It follows from
Equation (5.25) that Q; < Q, < ... < Qn_1. Therefore, infeasibility occurs if Q, < Q,_1, or

0z
25 >0,

So, whenever the value proposed in (5.25) is infeasible, (); simply takes the smallest feasible

if Qj < 0 for some j. However, we notice that zg(()) is increasing in each @; since

value. Therefore, the optimal solution )* to the stochastic model is given by

. ,
| ] # nv

;=<7 (5.26)
max{Q}, @1}, j=n

The stochastic optimal order quantities are ¢i = @] and ¢; = Q; — Qj_; for j > 1.

5.4.2  Computational Experiments

We perform simulation experiments to compare our robust model to the stochastic one
described above. In order to compute the stochastic-optimal order quantities in (5.26), the

seller must know the demand distribution exactly. This is often not the case in practice, and
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the robust model attempts to mitigate the effects of incorrect information. We mimic this
phenomenon by assuming that the stochastic model uses a misspecified demand distribution.
We consider two cases — one where the parametrized distribution is from the correct family
with incorrect parameter values, and the other where the parameter values are accurate but

the distribution is not.

Misspecified distribution:

In the first set of experiments, we examine the case where the assumed distribution F in
the stochastic model is different from the true demand distribution F. We consider two
examples corresponding to the assumed demand distribution being a gamma distribution
and a negative binomial distribution respectively. These distributions were chosen because
they have a non-negative support and are closed under addition. Then, the cumulative
demand D; for all j is also gamma and negative-binomially distributed respectively. This
is helpful because the optimal solution for the stochastic model uses the cdf D;, which is
available in closed form for these two cases. An attractive feature of the robust model is that
it does not require any such distributional information.

We arbitrarily set the various model parameters as ¢ = 1, h = 1, s = 1.5, n = 20,
r = 1.5, with the length of the horizon set at n = 20. The robust model employs the
CLT-based uncertainty sets defined in (5.20), using the same values of mean p and standard
deviation ¢ as in the stochastic model. Recall that I' > 0 was a parameter used to adjust
the degree of conservativeness in the robust model. We repeat the experiment for values of
[ in the set {0.5,1,...,4}. The stochastic optimal solutions do not depend on I', and the
variation is ' allows us to explore the relative performance of the two models as a function
of the construction of the uncertainty sets.

We perform ng;,s = 2000 simulations. In each simulation, the true demand is generated
using a (truncated) normal distribution with the same mean (1) and standard deviation (o).
The realized profit is computed using the optimal order quantities from both the robust and

stochastic models. Two metrics are used to compare performance. The first metric, plotted in
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(b) The fraction of trials where the realized profit
for the robust model exceeds that from stochastic
model.

(a) The average relative reduction in profit in the
stochastic model vs. the robust model.

Figure 5.2: Numerical results for the case where the stochastic model assumes an incorrect
demand distribution with correct moments.

Figure 5.2a, measures the relative reduction in profit (as a percentage) on using the stochastic
model over the robust one, averaged over all the simulations. Thus, a positive value implies
that the robust model performs better on average. Figure 5.2b displays the fraction of trials
where the robust solution outperforms the other. The blue curves in these figures correspond
to the case when the stochastic model assumes that the demand in each period follows a
gamma distribution with shape parameter k = 1/5 and scale parameter § = 2. Therefore,
the mean is 4 = k@ = 0.4, and the standard deviation is ¢ = vk = 0.89. The red curves
show the results for the case where the stochastic model uses a negative binomial distribution
for the demand in each period, with probability of success p = 0.95 and number of failures
k = 1. In this case, u = (1 — p)k/p = 0.0526, and o = /(1 — p)k/p = 0.2354. In both

cases, the robust model performs better on average. Moreover, the performance of the robust
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model appears to peak around a mid-range value of I', which seems reasonable. A very small
value of I" corresponds to too small an uncertainty set that is unable to hedge against adverse
affects of misspecifications in the data. On the other hand, a large value of I' may be too

conservative leading to lower worst-case profits.

Musspecified distribution:

In the second set of experiments, we assume that the stochastic model correctly assumes that
the demand is gamma-distributed, but uses an incorrect estimate of the standard deviation.
The CLT-based uncertainty sets also use the same incorrect value of . We examine multiple
cases based on the relation between the true and assumed shape parameters for the gamma
distribution. As before, we choose k = 1/5 and 6 = 2. Suppose the true shape parameter is
k. = 0k. We performed the experiments for § € {1/2,1,3/2,2}, and the results are plotted
in Figure 5.3. Note that the robust model only uses the information on moments while
the stochastic model additionally needs the distribution itself. In the case of misspecified
moments but correct distribution, one can argue that the stochastic model at least has
partially correct information. It is not unexpected, therefore, that the stochastic model
appears to perform better in this case. However, the observed behavior is more interesting
— the relative performance of the two methods changes as ¢ is varied. For the same scale
0, a gamma distribution with a smaller shape-parameter stochastically dominates one with
a larger shape-parameter. Therefore, a larger value of k in the stochastic model leads to
larger optimal order quantities. When 0 < 1, the stochastic model overestimates the shape-
parameter and the seller orders more product. On the other hand, o increases with k. So
the CLT-based uncertainty set grows in size as k is increased, which may lead to overly
conservative robust solutions. However, as § is increased, the uncertainty set gets narrower
while the stochastic model prescribes lower order quantities. This is one possible explanation
for the varying behavior, but the main takeaway from this experiment is that the robust
model is not universally better. In a real-world setting, the preferred model (stochastic or

robust) may depend on a variety of factors like the underlying demand distribution or the
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Figure 5.3: Numerical results for the case where the stochastic model assumes the correct
demand distribution with incorrect moments.

nature of inaccuracy in the estimated data.
5.5 Conclusion

In this chapter, we formulated a robust variant of the classical Newsvendor model which
accounts for sale revenues as well as purchase, holding and shortage costs. The resulting
profit maximization problem was reduced to solving an LP which can be solved analytically.
We provided closed-form expressions for the optimal order quantities, and their natural
dependence on the relations between the cost and revenue parameters was analyzed. We
also solved in closed-form the inner problems for a class of uncertainty sets that subsumes
many of the sets studied in the literature. Finally, we compared the performance of the

robust model to a stochastic one through numerical experiments.
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